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Abstract:

In this search, we introduce and study new types of contra-continuous
functions that is contra-continuous functions between quotient spaces and impact of
this by canonical projection functions and composition of this together with some
types of contra-continuous functions. Also study image of some types of compact
(connected, strongly-s- closed) sets in these quotient spaces under compose of these

types of contra-continuous functions.

1. Introduction:

In 1996, Dontchev introduce a new
class of continuous functions called
contra- continuous functions, in 1999
Jafari and Noiri introduce and studied a
new type of contra-continuous functions
called contra super-continuous function
and, in 2001 they present and study
another new type of these functions
called a-contra— continuous functions. In
2008, Jawad K. Judy study and introduce
some types of contra-continuous
functions between topological spaces in
his master theses, which presented to
college of mathematics and computers
sciences at Kufa University. Let (X, 1) be
a topological space we recall that: let Q
be an equivalent relation on X, let X/Q

2. Definitions and Examples:
2.1 Definitions: [2]

be the set of all equivalent classes [x]
where [x] = {y € X:(y,x) € Q} of all
x € X and q: X — X/Q be the canonical
projection  function then quotient
topology is the largest topology which
makes qgis a continuous function. We say
that f:(X,7) — (Y,S) is contra-
continuous function if the invers image
of all an opensetin Y is a closed set in X.
Let T: P(X) — P(X) (where P(X) is a
power set of the set X) be a function such
that w € T(w)V w € T then we say that
T is an operator topology associated with
the topology 7 on non-empty set X and
the triple (X,7,T) is an operator
topological space and we shill represent
to it by symbol (O.T.S.) [1].

1. Let (X, t,T) be an operator topological space (O.T.S.) A € X then we say that:
A is T-open (IT- open) if for each x € A there exist G € T such that x € G <
T(G) < A[xeGcint(T(G)) € A resp.] where int(X) is interior of the set X

According to .
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2. Let (X, t,T) be an operator topological space (O.T.S.) then we say that:
X Is T-compact ( IT-compact) if for each T-open (IT- open) cover has a finite

sub-cover.
Note:

The complement of T-open (IT- open) set is T-closed (IT- closed).

2.2 Definitions: [2]
1. Let (X,t,T) be an operator
topological space (O.T.S.) then we say
that:

X Is T-connected ( IT- connected) if
it is not union of two disjoint non empty
T-open (IT- open) subset of X.

2. Let (X,7,T) be an operator
topological space (O.T.S.) then we say
that:

X  IsT-strongly-S-closed  (IT-
strongly-S-closed) if every T-closed
(IT-closed) cover of X has a finite sub
cover.

2.3 Examples:
1. Suppose that (R, 7,,) (real numbers with usual topology) and suppose
that Q be an equivalent relation on R such that Q = {(ry,7,): 7, — 1, € Q} where
Q is rational numbers then:
X/Q ={[x]l:x R} ={x+p:x €ER,p € Q}.
2. Suppose that: f: (R,tp) — (R, t,) Where (R, tp) is real numbers with discrete
topology, then f is contra-continuous function.
3. Let X = {1,2,3,4}, v = {{1},{1,2},{1,2,3}, {3}, {1,3}, @, X} then
Teosed = 112,3,4}, {3,4},{1,2,4}, {4}, {2,4}, 9, X}, and let:
T(A) = CL(A),VA € X Where CL(A) indicated to the closure of the
setA Then (X,7,T)is O.T.S. So:  A; = {3} Is open and IT-open.
A, = {2,3} Is IT-open but not T-open.
4. (R,t,) Is IT-connected (T-connected).
5. X=The set of all positive integer numbers and:
, 7= {{1},{2},{1,2}, @, X} Then (X, t) is IT-strongly-S-closed.
3. Auxiliary Results:
In this part, we set and prove some theorems, which we need in our search:
Note:
We indicate to the quotient topology by symbol z,,.

We indicate to the function from P(X/Q) to P(X/Q) by symbol T, (i.e. Tq: P(X/
Q) — P(X/Q)).
3.1Theorem:
If g: X — X/Q is a canonical projection function and A < X then:

q(int(4)) = int(q(4)).

Proof:

Let [x] € g(int(4)) then g ([x]) € int(A) € A
So, [x] € q(int(A)) < q(4)
Since int(A) is an open set and by definition of canonical projection function and
quotient topology we get g(int(A)) is an open set
So, by definition of an open set we get [x] € int(q(A4))
Now let [x] € int(q(A4)) € q(4)
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Then g 1([x]) € q'l(int(q(A))) cCA

Since int(q(A)) IS an open set and q is a continuous function

Then g~ *(int(q(A))) is an open set and so, g~ *([x]) € int(A)

So, [x] € q(int(A))

Thus int(q(A)) = q(int(A))

With the same way, we can prove this theorem for the function g~1e

3.2 Theorem:

Suppose that (X,7) is a topological space and let T:P(X) — P(X) such
thatq ™ (T, (@) = T(¢""(0)), V& € X/Q, then if (X,7,T) is O.T.S. Then (X/
Q,74, Ty) isalso O.T.S.

Proof:

Since (X,7,T) isO.T.S.and T: P(X) — P(X), Thenw € T(w),Vw € T.

For quotient topology (X/Q,t,) , T4: P(X/Q) — P(X/Q)

The canonical projection function q: X — X/Q is continuous function. Suppose that

@ € X/Q suchthat w € t,(i.e. w is anopensetin X/Q)

Then g (b)) € ¢ 1(X/Q) and g~ (&) € X which an open set.

Since ¢ (@) € X which an open set and (X,7,T) is O.T.S.

Then g~(é) S T(q71 (%))

S0, q(q Y (@)) € q(T(q~1(w))) and since q is surjection.

We get & S q(T(q™*(@)))

Now, since g (&) € X then ¢ () € P(X) So, T(q~1(w)) € P(X)
And since if A€ P(X)thenA € X So q(T(qg *(0))) € X/Q
And then q(T(q~"(@))) € P(X/Q)

Now to prove that T, (&) = q(T (¢~ "(®)))

Let A = T, (@)
Since Tgis an open map, then T, () is an opensetand A € X/Q

Since q is surjection then g7 1(4) € X q
Since (X, 1,T) is O.T.S. then g7 1(4) € T(q~1(4)) — X
Since T(q1(A) e P(X) S0 T(q (A) € X T
So, Ty (@) € q(T (g~ (T4(@)))) > F
Now, by using the condition: T,

q  (Ty(@)) = T(q~ (@) P(X/Q) P(X/Q)
We get: T, (@) = q(T(q~(®))) T,

And the proof is completee
The following diagram explain relation between above functions
Now, by using theorem 3.2 we can prove the following theorems:
3.3 Theorem:
Suppose that (X,t,T) is O.T.S. And A € X such that A is T-open (IT-open) in X,
then gq(A) is T-open (IT-open) in X/Q where @ is equivalent relation.
Proof:
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For a continuous function ¢: X — X/Q

Suppose that[x] € q(4) € X/Q

Since q is surjection map

Then for each [x] € q(4),3 x € X such that x = g~ 1([x])

Since A € X is T-open (IT-open) such that T: P(X) — P(X)

Then foreachx € A 3G € tsuchthatx € 6 € T(G) € A [int(T(G)) S Aresp.]

Sincex =q 1([x]) € A

So, there exist G € T such that ¢~ *([x]) € G € T(G) < A [int(T(G)) € Aresp.]

Then, q(¢~*([x])) € q(6) < q(T(6)) < q(4) [q(Int(T(&)) < q(A]resp.).

By use theorem 3.1, we get:

[x] € q(G) € q(T(6)) € q(A) [int(q(T(G)) S q(A)] resp.)

Now, by using definition of canonical projection function g: X — X/Q

And quotient topology 7, we get q(G) is an open set.

Since G € XthenG € P(X)and T(G) € P(X)

So, T(G) € X thenq(T(G)) € X/Q € P(X/Q)

So, q(T(G)) € P(X/Q)

Also, for T, (q(G)) since G < X then q(G) € X/Q € P(X/Q)

Thus T,(q(6)) € P(X/Q)

Now, to prove T,(q(6)) = q(T(G))

By difinition of canonical projection function and quotint topology there exist an

open set G such that:

o = q(G) which an openin X/Q a . ¥
From theorem 3.2, we get: T

q ' (Te(@) =T(q~H(d)) . P
So, q‘l(qu(q(G))) =T(q7"(q(6))) T

Thus ¢=1(T,(q(6))) = T(G) X Px

So, T,(q(G)) = q(T(G)) o o
Then q(A) is T-open (IT-open) o

3.4 Theorem:
If A € X such that A is T-strongly-S-closed (IT-strongly-S-closed) then q(A) <
X/Q is T-strongly-S-closed (IT-strongly-S-closed).
Proof:
Let {B;};c; be a T-closed (IT-closed) cover of q(A)
Then q(A) S Uie; B;
S0, g7 (q(4) € ¢ (User BY)
Then A € ¢ (User Bi) = Uier ¢~ (B)
Since g: X — X/Q is a continuous function
We get, U;e;q 1(B;) is a T-closed (IT-closed) set
Since A is T-strongly-S-closed (IT-strongly-S-closed)
Then there exist a finite set I of T-close (IT-close) cover of A
This mean A € U;erq~2(B;)
S0, q(A) € q(Uierq*(By)) = Uier9(q~(By)) = Uier B;
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Thus q(A) is T-strongly-S-closed (IT-strongly-S-closed) e

3.5 Theorem:

If g: X — X/Q is canonical projection function and B € X/Q is T-open (IT-

open) then g~1(B) is T-open (IT-open).
Proof:

Letx € ¢g"1(B) ,then q(x) € B

Since B is T-open (IT-open)

Then there exist ¢ € T, suchthat q(x) € G € T,(G) € B [int (Tq (G)) C B resp. ]
S0,q71(q(x)) € ¢7(6) € g 7H(TL(6)) € ¢ (B) [q 7 (int (Ty(®))) <

q~'(B)) resp.]
By use theorem 3.1, we get:

x € ¢7(6) € ¢ (Ty(6)) € q(B) [int(q ™ (Ty(6)) < q71(B)) resp.]
Since g is continuous function then g~(G) is an open set

From theorem 3.2 we get:
T(q7'(6)) = g~ (T(6))

And so, x € ¢~1(6) € T(q~*(6)) € q 1 (B)(int(T(q~*(G)) € q~*(B) resp.)

Then q~1(B) is T-open (IT-open) e

4.Main Results:

In this part we study image of a
compact  (connected,  strongly-S-
closed) sets under effect of contra-
continuous  function. Since invers
image of an open set under effect of
contra-continuous function is a closed
set, then image of a compact
(connected, strongly-S- closed) set is

4.1 Theorem:

not compact(connected, strongly-S-
closed) under effect of this kind of
functions, so we use a composition of
these contra-continuous functions with
canonical projection function and with
the others to ensure access a compact
(connected, strongly-S- closed) set.
And this is a good result and solution to
this problem.

Suppose that f:(X,7) — (¥,S) and g:(X/Qq,74,) — (Y/Q2,S4,)(Where Q,,
Q,are equivalent relations over X and Y resp.),
Suchthat g, f = gq, then the following statements are equivalent:
f Is contra continuous function. g Is contra continuous function.

Proof:
— (2)
Let A be anopensetinY/Q,

Since g,: Y — Y /Q, is continuous function

Then g;1(A) is an open set inY
Since f is contra-continuous function
Then f~1(q;1(A4)) is a closed set in X

By definition of canonical projection function g, and quotient topology 7, we get :
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q:(f (qz1(4))) is a closed set in X /Q,
Since q.f = gq, then g = q>fq;*
SO’ g_l = qlf_lqz_l
And the proof is complete.
(2)— (1)
Let B be anopensetinY
So, by definition of canonical projection function g, and quotient topology 7,, we

get:

q,(B) isanopensetinY/Q, ¥ h %/0,
Since g is contra-continuous function

Then g~1(q,(B)) is a closed set in X/Q, 9
Since g, is continuous function R
Then (q1*(97*(q2(B))) is a closed set in X Y s YZZZ

Since q,f = gqq then f = q;'gq, and f~ = q7 g™ q;
And the proof is completee
4.2 Theorem:

Suppose that f:(X/Q,t4) — (X/Q,74) is contra-continuous function such that
q:X — X/Qand g = fq, let A € X/Qis a compact set then f(A) is a compact.
Proof:

Let {B;};c; be an infinite open cover of f(A) in X/Q
Then f(4) € Uier B;

Since q is continuous and surjection

Then q=*(f(A)) € ¢ " (Uies By) = Uier ¢~ (By) and U, ¢~ (By) is an open set
in X, So, by definition of quotient space and canonical projection function we get
q(q~'(Uier B)) = Uier q(@7'(B;)) = Uje B; is an open setin X/Q

S0, (a7 (f(A)) € q(q” " (Uier B))) = Uier q(@~(By)) = Uier B;

On the other hand, by using the above condition g = fq

we get: q

Then q(q ' f'(f(A) € Uierq(@ 'f'(B)) = Uier Bi | x rX/Q
inX/Q

Thus, A € U;¢; f1(B;) which is open in X/Q

Since A is a compact set q f

Then there exist a finite set I such that: /0

AC Uier fH(BY)

So, f(A) € f(Uer f1(By)) = Uier f(f ~H(By)) = User B;
Thus f(A) is a compact sete

4.3 Theorem:

Suppose that f:(X/Q,t4) — (X/Q,74) is contra-continuous function such that
qg:X — X/Qand g = fq, let A € X be T-compact (IT-compact) set then f(A) isaT-
compact (IT-compact).

Proof:
Let {B;};c; be an infinite T-open (IT-open) cover of f(A) in X/Q
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So, by definition of quotient space and canonical projection function and by using

theorem 3.3 we get:

q(q~"(Uier B))) = Uierq(q"(B:)) = Uses By is T-open (IT-open) set in X/Q

So, q(q~ (f(A))) € q(a7 " (Uier B))) = Uierqa(q™*(By)) = Ujer B

On the other hand, by using the above condition g = fq we get:

Then q(q7*f7*(F(4))) € Uierq(g™ f 71 (B))) = Ujer B in X/Q

Thus, A € U;¢; f~1(B;) which is open in X/Q

Since A is a compact set

Then there exist a finite set I such that:

AC Uier f71(BY)

So, f(A) € f(Uier f1(BY)) = Uier f(f ~*(By)) = User B;
Thus f(A) is a T-compact (IT-compact) e

4.4 Theorem:

X

X/Q

> X/Q

Suppose that 9: (X/Qlqu) - (X/er Tq) and f: (X/QZJqu) - (Y/Qz;qu)
are contra-continuous functions such that and f = fg, let A € X be T-compact (IT-

compact) set then f(A) is a T-compact (IT-compact).
Proof:

Let {B;};c; be an infinite T-open (IT-open) cover of f(A) inY/Q,

Then f(A) c UiEI Bi

Since f is contra-continuous function and by using theorem 3.5 for B; we get:
fHfA) € fH(Uier B) = Uier f1(B:) And Uje; f~1(B;) is an T-closed (IT-

closed) set in X/Q,

So, A € Ui f1(B;) is aclosed set in X/Q,
Since g is contra-continuous function

Then g~'(4) € g7'(f " (Uies BY)) is an open
setin X/Qq, S0, g7 (A) S Uier 971 (f 1 (BY)
Now, by using the condition f = fg

we get A € f 1 (Uier By) = Uier f~(BY)

A S Uje; fY(By) is T-open (IT-open) set in X/0Q;
Since A is T-compact (IT-compact) setin X/Q,
Then there exist a finite set I such that:

X/Q

g

y X/Q1

/0,

A S Ui f7H(By), S0, f(A) € f(Uier f71(B1)) = Uier f(f ~1(B1)) = Usier B;

Thus f(A) is a T-compact (IT-compact) e

With same way of proof theorem 4.4, we can prove the following theorems:

4.5 Theorem:

Suppose that g: (X/0Q1,7q,) — (X/Q1,7q,) and f: (X/Q1,7q,) — (Y/
@2, T4,)are contra-continuous functions such that and f = fg, let A <€ X/Q,X be T-
connected (IT-connected) set thenf (A) is a T-connected (IT- connected).
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4.6 Theorem:

Suppose that  g:(X/Q1,74,) — (X/Qu7q,) and f:(X/Q1,7q,) — (¥/
@2, T4,)are contra-continuous functions such that and f = fg, let

A C X/Q,X be T-strongly-S-closed (IT-strongly-S-closed) set then f(A) is a T-
strongly-S-closed (IT-strongly-S-closed).
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