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Abstract 

       The we characterize some positive operators for one-sided approximation of 

unbounded functions in weighted space Lp,α(X).We give  also, an estimation of the degree 

of  best one-sided approximation in terms averaged modulus of continuity.  
Keyword: positive operators, weight space, average modulus of continuity. 

 

1.Introduction  

       Continuing our previous 

investigations on polynomial operators 

for one-sided approximation to 

unbounded functions in weighted space 

(see [5]), it is the aim of this paper to 

develop a notion of direct estimation 

polynomial approximation with 

constructs which fits, to gather with 

results (see [8] and [9]) for unbounded 

function approximation processes. 

To this end, let X=[0,1], we denoted by 

Lp(X),             be the space of all 

real valued Lebesgue functions       

such that:  

              
 

    

 

 
        ………………………….(1). 

Now, let W be the suitable set of all weight functions on X, such that              , 

where M is positive real number and  

       weight function, which are equipped with the following norm 

            
    

    
 
 

  
 

 

 

 
    ……………………………..……..(2). 

We set   

  
         

        
 
 

                     

                                                          

 
     ……(3) 

the k
th

 local modulus of continuity is denoted by 

                     
                  

  

 
   

  

 
   ……(4). 

The k
th

 averaged modulus is used in this paper : 
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                              ……………………………..………(5). 

 

Let   be the set of natural numbers and    the set of all algebraic polynomials of degree 

less than or equal to    . 

For an unbounded function           and    , the degree of best weighted 

approximation and the degree of best one-weighted approximation are defined 

respectively by : 

                                 ……………………………..(6) 

                                                       ………..(7). 

It easy to verify that there are not linear operators for one-sided approximation in X. 

Some non-linear construction have been proposed in [ 3] and [ 6 ]. 

Let us consider the step function  

      
            

                 
    ………………………………...……(8) 

fix two sequences of polynomials      and     ,          such that 

                            …………………………………...……….(9) 

and                       ……………………………...……..(10). 

For the first one we work in space        . For      , we construct two different 

sequences of operators, for    ,     and           define 

                       
 

                
 

       
  

 …………....(11) 

and 

                       
 

                
 

     
  

   …………..(12) 

it is clear               , we will prove that 

                      and both  

                   
   

                        
   

  ,where   is given in 

(10). 

In the second case, for function          , we construct operators : 

                      
 

                       …...(13) 

and 

                      
 

                       …...(14). 

It is clear that        ,            and therefore we can define 

                        ……………………………………...……(15)  

and 

                        …………………………………….……(16), 

where    and    are given by (11) and (12) respectively. We will prove that 

                        ,    and present the degree of best one-sided 

approximation of unbounded functions by operators           and          ,      in 

terms averaged modulus of continuity. 
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In the last years there has been interest in 

studying open problems related to one-

sided approximations (see [1] , [2]). 

We point out that other operators for one-

sided approximations have constructed in 

[7]. 

 In particular, the operators presented in 

[6] yield the non-optimal rate 

      
 

  
   where is ones consider in 

[4] give the optimal rate, but without an 

explicit constant. The paper is organized 

as follows. In section (3) we calculate the 

degree of best one-sided approximation 

of unbounded functions by mean of the 

operators define (13) and (14). Finally in 

the some section, we consider the degree 

of the best one-sided approximation by 

mean of the operators defined in (15) and 

(16). 

2.Auxiliary results  

We shall the following auxiliary lemmas: 

Lemma 2.1 : [3] 

If         ,         and 

functions      ,       are defined by 

(13) and (14) respectively, then        
           ,         and 

        
  

 
     

    
 

 
        . 

Lemma 2.2 : [3] 

Let       be given in (8). For          define         
              and       

  
             . Then 

          ,                  ,          and 

                 
   

   
 . 

Let us formulate and prove the following basic lemmas, which we shall use to prove our 

main results. 

Lemma 2.3 : 

For                      ,    and    . Let       and       be as (11) and 

(12) respectively. Then                 and 

                       ,    . 

Proof : 

From (9), (10), (11) and (12), it is clear that                . Since 

                       
 

                
 

        
 

   
 

  

where           , such that                   ,          and 

            

We have ,                   ,         ,  
thus  

                       
 

                
 

        
 

   
 

 

                                                     
    

  

                        . 

Also, 
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                       . 

Lemma 2.4 : 

For                      ,    and    . Let       and       be as (11) and 

(12) respectively. Then 

                                                           
   

  . 

Proof : 

We have  

                                        
   

  
 , 

putting                   and by using Holder’s inequality 

                  
                 

   

  

    
 
 

  
 

  

                                            
   

  
 
   

 
    

               
 

  
   

  

    
      

                                           

  
       

     

    
 
 

  
     

    
        

 

    
 

                                        
 

  
       

     

    
 
 

    
 

  

Thus  

                       
 

  
   

 

    
     

    
 
 

    
 

 

 

 , 

hence 

                       
   

       
   

 . 

Similarly, we prove that ,                     
   

  . 

3. Main results : 

Let us explicitly formulate direct theorem estimates of the degree of best approximation 

with constraints of unbounded functions by polynomial operators.  

Theorem 3.1 : 

For                      ,    and    . Let       and       be as (13) and 

(14) respectively. Then 

                                                                 and 

                                             . 

Proof : 

As usual, take q such that 
 

 
 

 

 
  , from (13), (14) and Holder’s inequality, we obtain 
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      . 

Put           implies            

               
 

 
    

   
   

        

    
 
 

     
     

 

 

 
  

                                   
   

 
 

   
   

        

    
 
 

     
 

 

 
  

                                   
   

 
 

  

   
  

        

    
 
 

    
 

  

thus  

                     
 

     
 
 

   
        

    
 
 

   
 

 

 

 
  

                                    
 

     
 
 

                
 

     
 
 

            

since 
 

     
 
 

  constant depending on t and p, then 

                              . 

Similarly, we can prove                               . 

We go to the following inequality : 

                                                        

                                    . 

Theorem 3.2 : 

For                      ,   . Let         and         be as (13) and (14) 

respectively. Then 

                           ,       , 

                     
   

             
   

            
   

 
            

and 

                        
   

 
           . 

Proof : 

Let       and       be as in (13) and (14) respectively. Also, from (15) and (16) , it is 

clear        ,            . 

Moreover, from (15), (16), theorem 3.1, lemma 2.3, lemma 2.4 and lemma 2.1, we have  

                                       

                                                   ,       . 

Also, 

            
   

                               
   

 

117 



ALAA A. AUAD, and MOUSA M. KHRAJAN                     MJPS,   VOL.(3),   NO.(2),   2016 

                                                                              

                                                                  
      

   
 

                     
  

       

    
 

 

 

                  
   

 
  

 

 
   

 
 

                                                     
   

 
           

                                           
   

 
            . 

The estimate for            
   

 follows analogously. 

Thus  

                          
   

 

            
   

            
   

 

                                          
   

 
             

                                       
   

 
            . 

Theorem 3.3 : 

For                      ,   ,    . Let    and    be the sequence of 

polynomials constructed as in (9), set 

       
  

 

 

     and         
  

 

 

    , where 

 
  

 

 

    and  
  

 

 

    are given in (15) and (16) respectively. Then 

                           ,       , 

                                           
   

 
     

 

 
     and 

                                        
     

   
     

 

 
     . 

Proof : 

From (15) and (16) with   
 

 
 and    , we obtain 

 
  

 

 

           

 

       and   
  

 

 

           

 

        where  

  

 

      

 

       . So      

 

    ,      

 

          

From lemma 2.3, we have                                 
Hence ,                                
We need an estimate for               one has : 

From (15), lemma 2.2 and theorem 3.2 

                  
  

 

 

    
   

          
   

 

 

      
 

 
 

   
 . 

                                     
     

   
      

 

 
 

   
  . 
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Similarly, we can prove   

                        
     

   
      

 

 
 

   
. 

Thus 

                               

                                                  

                            
     

   
      

 

 
 

   
 . 
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 : الخلاصة

نقدم في هذا البحث بعض المؤثرات الموجبة للتقريب احادي الجانب للدوال الغير المقيدة في فضاء الوزن 

وكذلك نعطي التقدير لدرجة أفضل تقريب احادي الجانب لهذه الدوال في شروط المقياس المعدل         

 .للاستمرارية
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