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Abstract: In this paper, we investigate subordinate problems for subclass related to known functions convoluted with Frasin 

operator. Therefore, major results and special cases are obtained. 
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INTRODUCTION 

 

Let ℋ denoted the class of functions of the form  

        𝑓(𝑤) = ∑ 𝑎𝑘
∞
𝑘=2 𝑤𝑘    , 𝑎𝑘 ≥  𝟎      (1) 

which are analytic in the open unit disk          

𝑈 = {𝑤;  𝑤 ∈  ℂ ∶ |𝑤| <  1}.For the functions 𝑓 

and 𝑔 in ℋ, we say that 𝑓 is subordinate to 𝑔 in 

U, and write 𝑓 ≺ 𝑔 if there exists a function 

𝑘(𝑤) in 𝑈 such that |𝑘(𝑤)| < 1 and 𝑘(0)  =  0 

with 𝑓(𝑤) = 𝑔(𝑘(𝑤)) in 𝑈. If 𝑓 is univalent in 

𝑈, then 𝑓 ≺ 𝑔 is equivalent to 𝑓(0) = 𝑔(0) and 

𝑓(𝑈)  ⊂  𝑔(𝑈), see[5]    

Let 𝑓, 𝑔 ∈ ℋ    be given by 

 𝑔(𝑤 ) = ∑ 𝑏𝑘
∞
𝑘=2 𝑤𝑘 𝑏𝑘 ≥  𝟎      , for all 𝑧 ∈ 𝑈,              

then the Hadamard product (or convolution)  

( 𝑓 ∗ 𝑔)(𝑤) = 𝑤 +∑𝑎𝑘

∞

𝑘=2

𝑏𝑘𝑤
𝑘. 

For 𝑚 ∈  ℕ, λ ,j∈ ℕ0 = ℕ ∪ {0} , 0 ≤ 𝑏 ≤ 1 , 

𝑓 ∈ ℋ , Frasin operator [3] . 

𝐷𝑚,𝑏
λ 𝑓(𝑧):ℋ → ℋ is defined as follows 

𝐷𝑚,𝑏
λ 𝑓(𝑤) = 𝑤 + ∑ [1 + (𝑘 −∞

𝑘=2

1)∑ (
𝑚
𝑗 )

𝑚
𝑗=1 (−1)𝑗+1𝑏𝑗]λ 𝑎𝑘𝑤

𝑘        (2) 

One can esily proved that 

𝐶𝑗
𝑚(𝑏) (𝐷𝑚,𝑏

λ 𝑓(𝑤 ))
′

= 𝐷𝑚,𝑏
λ+1(𝑎, 𝑐)𝑓(𝑤 ) −

(1 − 𝐶𝑗
𝑚(𝑏))𝐷𝑚,𝑏

λ 𝑓(𝑤)                 (3) 

where 

𝐶𝑗
𝑚(𝑏) =∑(

𝑚
𝑗 )

𝑚

𝑗=1

(−1)𝑗+1𝑏𝑗 . 

To get our outcomes, we must recall a necessary 

known concepts. 

Definition(1) [4]: Let  and  be any sets in ℂ, 

let 𝛿 be an analytic function in the open unit 

disk U with 𝛿(0)=𝑎 and let 

(𝑟, 𝑠, 𝑡; 𝑤): ℂ3𝑈 → ℂ. 

The core of this monograph manages 

speculation of the accompanying ramifications : 

             {(𝛿(𝑤),𝑤𝛿 ′(𝑤),𝑤2𝛿 ′′(𝑤);𝑤):𝑤 ∈
𝑈} ⊂ ⟹ 𝛿(U) ⊂ .   (4) 

If  is a simply connected domain containing 

the point 𝑎 and  ℂ , then there is a conformal 

mapping 𝜎 of U onto  such that 𝜎(0)=𝑎. In this 

case , (4) can be written as: 

{(𝛿(𝑤), 𝑧𝛿 ′(𝑤),𝑤2𝛿 ′′(𝑤);𝑤):𝑤 ∈ 𝑈} ⊂
⟹ 𝛿(U) ⊂ 𝜎(U). 

https://www.iasj.net/iasj/search?query=au:%22Kassim%20A.%20Jassim%22
mailto:kasimmathphd@gmail.com
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If  is also a simply connected domain and  

 ℂ , then there is a conformal mapping ℎ of U 

onto  such that ℎ(0)= (𝑎,0,0;0). Also , if the 

function (𝛿(𝑤),𝑤𝛿 ′(𝑤),𝑤2𝛿 ′′(𝑤);𝑤) is 

analytic in U, then it;s can be written as: 

 (𝛿(𝑤),𝑤𝛿 ′(𝑤),𝑤2𝛿 ′′(𝑤);𝑤) ≺ h(z) ⟹ 𝛿(z)
≺ 𝜎(z).          (5) 

Definition(2) [4]:  Let : ℂ3𝑈 → ℂ and let h be 

univalent in U. If 𝛿 is analytic in U and satisfies 

the second –order differential subordination 

 (𝛿(𝑤),𝑤𝛿 ′(𝑤),𝑤2𝛿 ′′(𝑤);𝑤) ≺ ℎ(w),    (6) 

then 𝛿is called a solution of the differential 

subordination . The univalent function 𝜎 is 

called a dominant of the solutions of the 

differential subordination, relation (6) simply 

dominant  if 𝛿 ≺ 𝜎 for all 𝛿 satisfying (6). 

A dominant �̌� is said to be best dominant if it 

satisfies �̌� ≺ 𝜎 for all dominants 𝜎 of (6)  . 

Definition(3) [4]: Denote by Q the set of all 

functions 𝜎 that are injectiveand analytic on 

�̅�\𝐸(𝜎),where 

 𝐸(𝜎) = { ∈ 𝜕𝑈: lim
𝑧→

𝜎(𝑧) = ∞} ,             (7) 

and are such that 𝜎′()0 for  ∈ 𝜕𝑈\
𝐸(𝜎).Further, let the subclass of Q for which 

𝜎(0) = 𝑎 be denoted by Q(a), Q(0)≡ 𝑄0 and 

Q(1) ≡ 𝑄1, where Q1= { 𝚚Q:𝚚(0)= }. 

Definition(4) [4]: Let  be a set in ℂ, 𝜎 ∈ 𝑄 

and n be positive integer. The   class   of   

admissible   function  𝑛[, 𝜎]  consist   of  

those  functions  

: ℂ3𝑈�̅� → ℂ which is satisfy the 

admissibility condition 

(𝑟, 𝑠, 𝑡; 𝑤, ) ∉ . 

Whenever r= 𝜎(), 𝑠 = 𝑘𝜎′()  and 

   Re {
𝑡

𝑠
+ 1} ≥ 𝑘 𝑅𝑒 {

𝜎 ′′()

𝜎 ′()
+ 1} , (8) 

𝑤 ∈ 𝑈,  ∈ 𝜕𝑈\𝐸(𝜎),  ∈ �̅� , and 𝑘 ≥ 𝑛. In 

particular case 1[, , 𝜎] = [, 𝜎]. 

Definition(5) [4]: Let  be a set in ℂ, 𝜎 ∈
𝜇[𝑎, 𝑛] and n be positive integer. The  class  of 

admissible function𝑛
′ [, 𝜎] consist of those 

functions  

: ℂ3�̅��̅� → ℂ that satisfies the admissibility 

condition 

(𝑟, 𝑠, 𝑡; , 𝜁) ∉ . 

Whenever r= 𝜎(𝑤), 𝑠 = (
1

𝑚
)𝑤𝜎′(𝑤)  and 

 Re {
𝑡

𝑠
+ 1} ≥ (

1

𝑚
)𝑅𝑒 {

𝑤𝜎 ′′(𝑤)

𝜎 ′(𝑤)
+ 1},    (9) 

𝑤 ∈ 𝑈,  ∈ 𝜕𝑈, 𝜁 ∈ �̅� , and 𝑚 ≥ 𝑛 ≥ 1. In 

particular case for n=1 

  1
′ [, 𝜎] = ′[, 𝜎]                                    (10). 

Similar study is carried out by several authors , 

like Billing [1] Dihnggong and Liu[2], Oros 

[5,6], and Lupas [7,8]. Many authors studied 

different classes with essential problems such as 

Sarah A. AL-Ameedee ,Waggas Galib 

Atshan &Faez Ali AL-Maamori[9], Serkan 

Çakmak, Sibel Yalcçın, Şahsene Altınkaya[10], 

Waggas Galib Atshan and,  Haneen Zaghir [11], 

Odeh Z. and Kassim A. Jassim[12], Odeh Z. and 

Kasim A. Jassim[13] and Odeh Z.and kassim a. 

Jassim[14] 

Definition(6): Let  be a set in ℂ and 𝜎 ∈Q0∩
𝜇[0, 𝛿]. The class of admissible functions 

𝑘[, 𝜎] consists of those functions ∅:ℂ3𝑈 →
ℂ that satisfy the admissibility condition: 

 ∅(𝑢, 𝑣, 𝑤;𝑤) ∉  ,                                        (11) 
whenever 

𝑢 = 𝜎(𝜁)    , 𝑣 = 𝑘𝐶𝑗
𝑚(𝑇)𝜁𝜎′(𝜁)  

+ (1 − 𝐶𝑗
𝑚(𝑇)) 𝜎(𝜁) , ( > −1), 

and 

https://www.tandfonline.com/author/AL-Ameedee%2C+Sarah+A
https://www.tandfonline.com/author/Atshan%2C+Waggas+Galib
https://www.tandfonline.com/author/Atshan%2C+Waggas+Galib
https://www.tandfonline.com/author/Ali+AL-Maamori%2C+Faez
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ℛ𝑒

{
  
 

  
 

𝑤 − (𝐶𝑗
𝑚(𝑏)2 − 2𝐶𝑗

𝑚(𝑏) + 1)𝑢 − (2 − 𝐶𝑗
𝑚(𝑏)) 𝐶𝑗

𝑚(𝑏)𝑣

𝐶𝑗
𝑚(𝑏)2 (

𝑣 − (1 − 𝐶𝑗
𝑚(𝑏)) 𝑢

𝐶𝑗
𝑚(𝑏)

)

+ 1

}
  
 

  
 

≥ 𝑘𝑅𝑒 {
𝜁𝜎′′(𝜁)
𝜎′(𝜁)

+ 1}   (12) 

𝑤 ∈ 𝑈, 𝜁 ∈ 𝜕𝑈\𝐸(𝜎), and 𝑘 ≥ 1. 
Theorem(1): Let ∅ ∈ 𝑘[, 𝜎]. If 𝑓 ∈ ℋ 

satisfies  

                       

{∅(𝐷𝑚,𝑏
λ 𝑓(𝑤 ), 𝐷𝑚,𝑏

λ+1𝑓(𝑤 ), 𝐷𝑚,𝑏
λ+2𝑓(𝑤 ); 𝑤)} ,                       

(13) 

   then  𝐷𝑚,𝑏
λ 𝑓(𝑤 ) ≺ 𝜎(𝑤).  

Proof:  By using (2)  and (3) , we get the 

equivalent relation 𝐷𝑚,𝑏
λ+1𝑓(𝑤 ) =

𝐶𝑗
𝑚(𝑏)𝑤 (𝐷𝑚,𝑏

λ 𝑓(𝑤 ))
′

+ (1 −

𝐶𝑗
𝑚(𝑏))𝐷𝑚,𝑏

λ 𝑓(𝑤).                (14) 

Assume that 

    ℱ(𝑤) = 𝐷𝑚,𝑏
λ 𝑓(𝑤 ).                           (15) 

Then  

                          𝐷𝑚,𝑏
λ+1𝑓(𝑤 ) = 𝐶𝑗

𝑚(𝑏)𝑤𝐹′(𝑤) +

(1 − 𝐶𝑗
𝑚(𝑏))𝐹(𝑤) (16) 

Therefore, 

𝐷𝑚,𝑏
λ+2𝑓(𝑤 ) = 𝐶𝑗

𝑚(𝑏)𝑤 (𝐷𝑚,𝑏
λ+1𝑓(𝑤 ))

′

+ (1 −

𝐶𝑗
𝑚(𝑏))𝐷𝑚,𝑏

λ+1𝑓(𝑤)       (17) 

 then we have by ( 13) , 

 (𝐷𝑚,𝑏
λ+1𝑓(𝑤 ))

′

= 𝐶𝑗
𝑚(𝑏)𝑤𝐹′′(𝑤)

+ 𝐶𝑗
𝑚(𝑏)𝐹′(𝑤) + (1

− 𝐶𝑗
𝑚(𝑏))𝐹′(𝑤).              (18)  

So, 
𝐷𝑚,𝑏
λ+2𝑓(𝑤 ) = 𝐶𝑗

𝑚(𝑏)2𝑤2𝐹′′(𝑤)

+ (2 − 𝐶𝑗
𝑚(𝑏))𝑤𝐶𝑗𝑚(𝑏)𝐹′(𝑤)

+ (𝐶𝑗
𝑚(𝑏)2 − 2𝐶𝑗

𝑚(𝑏) + 1)𝐹(𝑤)(19) 

 Let  𝑢 = 𝑟 , 𝑣 = 𝐶𝑗
𝑚(𝑏)𝑠 + (1 − 𝐶𝑗

𝑚(𝑏)) 𝑟     

𝑤 = 𝐶𝑗
𝑚(𝑏)2𝑡 + (2 − 𝐶𝑗

𝑚(𝑏)) 𝐶𝑗
𝑚(𝑏)𝑠

+ (𝐶𝑗
𝑚(𝑏)2 − 2𝐶𝑗

𝑚(𝑏) + 1)𝑟 

Assume that 
(𝑟, 𝑠, 𝑡; 𝑤) = ∅(𝑢, 𝑣, 𝑤; 𝜔, )

= ∅ (𝑟, 𝐶𝑗
𝑚(𝑏)𝑠

+ (1 − 𝐶𝑗
𝑚(𝑏)) 𝑟    , 𝐶𝑗

𝑚(𝑏)2𝑡

+ (2 − 𝐶𝑗
𝑚(𝑏)) 𝐶𝑗

𝑚(𝑏)𝑠

+ (𝐶𝑗
𝑚(𝑏)2 − 2𝐶𝑗

𝑚(𝑏) + 1)𝑟; 𝑤).              

By using ( 15) and (19) , we obtain  

(ℱ(𝑤),𝑤ℱ′(𝑤),𝑤2ℱ′′(𝑤);𝑤)

= ∅(𝐷𝑚,𝑇
λ 𝑓(𝑤 ), 𝐷𝑚,𝑇

λ+1𝑓(𝑤 ), 𝐷𝑚,𝑇
λ+2𝑓(𝑤 ); 𝑤).   (20) 

Therefore, by making use (14), we get 

 (ℱ(𝑤), 𝑤ℱ′(𝑤), 𝑧2ℱ′′(𝑤);𝑤) ∈ .   (21) 
Also, by using  

𝑤 = 𝐶𝑗
𝑚(𝑏)2𝑡 + (2 − 𝐶𝑗

𝑚(𝑏)) 𝐶𝑗
𝑚(𝑏)𝑠

+ (𝐶𝑗
𝑚(𝑏)2 − 2𝐶𝑗

𝑚(𝑏) + 1)𝑟 

and  by simple calculations ,we get  

𝑤 − (𝐶𝑗
𝑚(𝑏)2 − 2𝐶𝑗

𝑚(𝑏) + 1)𝑢 − (2 − 𝐶𝑗
𝑚(𝑏)) 𝐶𝑗

𝑚(𝑏)𝑣

𝐶𝑗
𝑚(𝑏)2 (

𝑣 − (1 − 𝐶𝑗
𝑚(𝑏)) 𝑢

𝐶𝑗
𝑚(𝑏)

)

+ 1 =
𝑡

𝑠
+ 1                  (22) 

and the admissibility condition for ∅ ∈ 𝑘[, 𝜎] 
is equivalent to the admissibility condition for  

then ∈ Ψ𝑛 [, 𝜎] and therefore ℱ(𝑤)≺  𝜎(𝑤). 

Hence , we get  𝐷𝑚,𝑇
λ 𝑓(𝑤 ) ≺ 𝜎(𝑤).  

      If we assume that   ≠ ℂ is a simply 

connected domain. So,  = ℎ(𝑈), for some 

conformal mapping h of U onto . Assume the 

class is written as 𝑘[ℎ, 𝜎].Therefore, we 

conclude immediately  the following theorem. 

Theorem( 2 ): Let ∅ ∈ 𝑘[ℎ, 𝜎]. If 𝑓 ∈ ℋ 

satisfies  

                      

∅(𝐷𝑚,𝑇
λ 𝑓(𝑤 ), 𝐷𝑚,𝑇

λ+1𝑓(𝑤),𝐷𝑚,𝑇
λ+2𝑓(𝑤 );𝑤) ≺

ℎ(w),   (23) 

then                𝐷𝑚,𝑇
λ 𝑓(𝑤 ) ≺ 𝜎(w). 

     The next result is an extension of Theorem 

(1) to the case where the behavior of 𝜎 on 𝜕𝑈 is 

unknown. 

Corollary(1): Let ℂ, 𝜎 be univalent in U and 

𝜎(0)=0. Let ∅ ∈ 𝑘[, 𝜎ρ]  for some 𝜌 ∈ (0,1), 

where 𝜎ρ(𝑤) = 𝜎(𝜌𝑤). If 𝑓 ∈ ℋ satisfies  
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 ∅(𝐷𝑚,𝑏
λ 𝑓(𝑤 ), 𝐷𝑚,𝑏

λ+1𝑓(𝑤 ), 𝐷𝑚,𝑏
λ+2𝑓(𝑤 ); 𝑤) ∈ ,

(24)  

then 𝐷𝑚,𝑇
λ 𝑓(𝑤 ) ≺ 𝜎(𝑤). 

Theorem (3): Let h and 𝜎 be univalent in U , 

with 𝜎(0)=0 , 𝜎ρ(𝑤) = 𝜎(𝜌𝑤) and ℎ𝜌(𝜔) =

ℎ(𝜌𝜔). Let ∅: ℂ3Uℂ satisfy one of the 

following conditions: 

(1)  ∅ ∈ 𝑘[, 𝜎𝜌]  for some 𝜌 ∈ (0,1) or 

(2) there exists 𝜌0 ∈ (0,1) such that ∅ ∈

k[ℎ𝜌, 𝜎𝜌] for all 𝜌 ∈ (𝜌0, 1). 

If 𝑓 ∈ ℋ satisfies (23) , then 

𝐷𝑚,𝑏
λ 𝑓(𝑤 ) ≺ 𝜎(𝑤). 

Proof: Case (1): By using Theorem (1),we get 

 𝐷𝑚,𝑏
λ 𝑓(𝑤 ) ≺ 𝜎𝜌.Since 𝜎𝜌(𝑤) ≺ 𝜎(𝑤) then we 

get the result. 

Case (2): Assume that ℱ (w)= 𝐷𝑚,𝑏
λ 𝑓(𝑤 ) and 

𝐹ρ(𝑤) = 𝐹(ρw). So,  

∅(ℱρ(𝑤), 𝑧ℱρ
′(𝑤),𝑤2ℱρ

′′(𝑤); 𝜌𝑤)

= ∅(ℱ(ρ𝑤), ρ𝑤ℱ′(ρ𝑤), ρ2𝑤2ℱ′′(ρ𝑤); ρ𝑤)
∈ ℎρ(𝑈). 

By using Theorem (1) and associated  with 

∅(ℱ(𝑤),𝑤ℱ′(𝑤), 𝑤2ℱ′′(𝑤);𝑤(𝑤))
∈ , where  𝑤  is  any  function mapping from  
𝑈 onto 𝑈,with w(𝑤)= 𝜌𝑤, we obtain ℱρ(𝑤) ≺

𝜎ρ(𝑤) for ρ ∈ (ρ0, 1). By letting 𝜌 → 1−,  we 

get   𝐷𝑚,𝑏
λ 𝑓(𝑤 ) ≺ 𝜎(𝑤).   

The next theorem gives the best dominant of the 

differential subordination (23). 

Theorem (4): Let h be univalent in U and let 

∅: ℂ3𝑈ℂ. Suppose that the differential 

equation  

∅(𝜎(𝑤), 𝜎′(𝑤), 𝑤2𝜎′′(𝑤); 𝑤) = ℎ(𝑤)                                 
(25) 

has a solution 𝜎 with 𝜎(0)=0 and satisfy one of 

the following conditions: 

(1) 𝜎 ∈ 𝑄0 and ∅ ∈ k[ℎ, 𝜎]. 

(2) 𝜎 is univalent in U and ∅ ∈ k[ℎ, 𝜎ρ] for 

some 𝜌 ∈ (0,1). 

(3) 𝜎 is univalent in U and there exists 𝜌0 ∈
(0,1) such that ∅ ∈ k[ℎρ, 𝜎ρ], 

       for all 𝜌 ∈ (𝜌0, 1). 

If 𝑓 ∈ ℋ  satisfies (23),then  𝐷𝑚,𝑏
λ 𝑓(𝑤 ) ≺

𝑞(𝑤) and  𝜎  is  the best dominant.   

Proof:By using Theorem (2) and Theorem (3) , 

we get that 𝜎 is a dominant of (23). Since 𝜎 

satisfies (25), it is also a solution of (23) and 

therefore 𝜎 will be dominant by all dominants of 

(23). Hence , 𝜎 is the best dominant of (23). 

Definition(7): Let  be a set in ℂ and 𝜎 ∈Q0∩
𝜇0. The class of admissible functions 𝑘,1[, 𝜎] 
consists of those functions ∅: ℂ3𝑈 → ℂ that 

satisfy the admissibility condition: 

 ∅(𝑢, 𝑣, 𝑤;𝑤) ∉  ,         
whenever 

𝑢 = 𝜎(𝜁)    ,    𝑣
= 𝑘𝐶𝑗

𝑚(𝑏)𝜁𝜎′(𝜁)

+ 𝜎(𝑧) , ( > −1), 
and 

 

ℛ𝑒 {
(𝑤−𝑢)

𝑣𝐶𝑗
𝑚
(𝑏)2

−
(𝐶𝑗
𝑚
(𝑏)+2)

𝐶𝑗
𝑚
(𝑏)

+ 1}

≥ 𝑘𝑅𝑒 {
𝜁𝜎′′(𝜁)
𝜎′(𝜁)

+ 1}    (26) 

 

 

Theorem(5): Let ∅ ∈ 𝑘,1[, 𝜎]. If 𝑓 ∈ ℋ 

satisfies   

                       

{∅ (
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
,
𝐷𝑚,𝑏
λ+1𝑓(𝑤 )

𝑤
,
𝐷𝑚,𝑏
λ+2𝑓(𝑤 )

𝑤
; 𝑤)} ,                           

(27) 

           then       
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
≺ 𝜎(𝑤).  

Proof: Let the analytic function ℱ in U be 

defined by 

 ℱ(𝑤) =
𝐷𝑚,𝑇
λ 𝑓(𝑤 )

𝑤
                                (28). 

Then by (13) and (28), we get 

𝐷𝑚,𝑏
λ+1𝑓(𝑤 ) = 𝐶𝑗

𝑚(𝑏)𝑤 (𝐷𝑚,𝑏
λ 𝑓(𝑤 ))

′

+ (1

− 𝐶𝑗
𝑚(𝑏))𝐷𝑚,𝑏

λ 𝑓(𝑤) 

                     = 𝐶𝑗
𝑚(𝑏)𝑤(𝑤𝐹(𝑤))′ + (1

− 𝐶𝑗
𝑚(𝑏))𝑤𝐹(𝑤) 

                     = 𝐶𝑗
𝑚(𝑏)𝑤(𝑤𝐹′(𝑤) + 𝐹(𝑤)) + (1

− 𝐶𝑗
𝑚(𝑏))𝑤𝐹(𝑤) 
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                     = 𝐶𝑗
𝑚(𝑏)𝑤2𝐹′(𝑤) + 𝐶𝑗

𝑚(𝑏)𝑤𝐹(𝑤)

+ 𝑤𝐹(𝑤) − 𝐶𝑗
𝑚(𝑏)𝑤𝐹(𝑤) 

This implies that 

𝐷𝑚,𝑇
λ+1𝑓(𝑤 )

𝑤
= 𝐶𝑗

𝑚(𝑏)(𝑤𝐹′(𝑤) + 𝐹(𝑤))

+ (1

− 𝐶𝑗
𝑚(𝑏))𝐹(𝑤)                        

= 𝐶𝑗
𝑚(𝑏)𝑤𝐹′(𝑤) + 𝐶𝑗

𝑚(𝑏)𝐹(𝑤) + 𝐹(𝑤)

− 𝐶𝑗
𝑚(𝑏)𝐹(𝑤) 

      = 𝐶𝑗
𝑚(𝑏)𝑤𝐹′(𝑤) + 𝐹(𝑤)            (29) 

Also, we have by (17) 

𝐷𝑚,𝑏
λ+2𝑓(𝑤 ) = 𝐶𝑗

𝑚(𝑏)𝑤 (𝐷𝑚,𝑏
λ+1𝑓(𝑤 ))

′

+ (1

− 𝐶𝑗
𝑚(𝑏))𝐷𝑚,𝑏

λ+1𝑓(𝑤) 

  = 𝐶𝑗
𝑚(𝑏)𝑤 (𝐷𝑚,𝑏

λ+1𝑓(𝑤 ))
′

+ (1

− 𝐶𝑗
𝑚(𝑏))𝐷𝑚,𝑏

λ+1𝑓(𝑤) 

= 𝐶𝑗
𝑚(𝑏)𝑤 (𝐶𝑗

𝑚(𝑏)𝑤2𝐹′(𝑤) + 𝐶𝑗
𝑚(𝑏)𝑤𝐹(𝑤)

+ 𝑤𝐹(𝑤) − 𝐶𝑗
𝑚(𝑏)𝑤𝐹(𝑤))

′

+ (1 − 𝐶𝑗
𝑚(𝑏))(𝐶𝑗

𝑚(𝑏)𝑤2𝐹′(𝑤)

+ 𝐶𝑗
𝑚(𝑏)𝑤𝐹(𝑤) + 𝑤𝐹(𝑤)

− 𝐶𝑗
𝑚(𝑏)𝑤𝐹(𝑤)) 

= 𝐶𝑗
𝑚(𝑏)𝑤 (𝐶𝑗

𝑚(𝑏)𝑤2𝐹′(𝑤) + 𝑤𝐹(𝑤))
′

+ (1

− 𝐶𝑗
𝑚(𝑏))(𝐶𝑗

𝑚(𝑏)𝑤2𝐹′(𝑤)

+ 𝑤𝐹(𝑤)) 

= 𝐶𝑗
𝑚(𝑏)𝑤(𝐶𝑗

𝑚(𝑏)𝑤2𝐹′′(𝑤)

+ 𝐹′(𝑤)2𝑤𝐶𝑗
𝑚(𝑏) + 𝑤𝐹′(𝑤)

+ 𝐹(𝑤)) + ((𝐶𝑗
𝑚(𝑏)𝑤2𝐹′(𝑤)

+ 𝑤𝐹(𝑤)
− 𝐶𝑗

𝑚(𝑇)2(𝑏)𝑤2𝐹′(𝑤)

− 𝑤𝐹(𝑤)𝐶𝑗
𝑚(𝑏)) 

= 𝑤 (𝐶𝑗
𝑚(𝑏)2𝑤2𝐹′′(𝑤) + 𝐹′(𝑤)2𝑤𝐶𝑗

𝑚(𝑏)2

+ 𝑤𝐹′(𝑤)𝐶𝑗
𝑚(𝑏)

+ 𝐹(𝑤)𝐶𝑗
𝑚(𝑏))

+ ((𝐶𝑗
𝑚(𝑏)𝑤2𝐹′(𝑤) + 𝑤𝐹(𝑤)

− 𝐶𝑗
𝑚(𝑏)2(𝑏)𝑤2𝐹′(𝑤)

− 𝑤𝐹(𝑤)𝐶𝑗
𝑚(𝑏)) 

Then 

𝐷𝑚,𝑏
λ+2𝑓(𝑤 )

𝑤
= 𝐶𝑗

𝑚(𝑏)2𝑤2𝐹′′(𝑤)

+ 𝐹′(𝑤)2𝑤𝐶𝑗
𝑚(𝑏)2

+ 𝑤𝐹′(𝑤)𝐶𝑗
𝑚(𝑏)

+ 𝐹(𝑤)𝐶𝑗
𝑚(𝑏)

+ (𝐶𝑗
𝑚(𝑏)𝑤𝐹′(𝑤) + 𝐹(𝑤)

− 𝐶𝑗
𝑚(𝑏)2(𝑏)𝑤𝐹′(𝑤)

− 𝐹(𝑤)𝐶𝑗
𝑚(𝑏)   (30) 

 

So, let define the transformation from ℂ3 to ℂ by 

U=r , v=𝐶𝑗
𝑚(𝑏)𝑠 + 𝑟  

w=𝐶𝑗
𝑚(𝑏)2𝑡 + 2𝑠𝐶𝑗

𝑚(𝑏)2 + 𝑠𝐶𝑗
𝑚(𝑏) +

𝑟𝐶𝑗
𝑚(𝑏) + 𝐶𝑗

𝑚(𝑏)𝑠 + 𝑟 − 𝐶𝑗
𝑚(𝑏)2(𝑏)𝑠 −

𝑟𝐶𝑗
𝑚(𝑏) 

= 𝐶𝑗
𝑚(𝑏)2𝑡 + 𝑠𝐶𝑗

𝑚(𝑏)2 + 2𝑠𝐶𝑗
𝑚(𝑏) + 𝑟 

= 𝐶𝑗
𝑚(𝑏)2𝑡 + 𝑠𝐶𝑗

𝑚(𝑏)(𝐶𝑗
𝑚(𝑏) + 2) + 𝑟 

and  by simple calculations ,we get  

(𝑤 − 𝑢)

𝑣𝐶𝑗
𝑚(𝑏)2

−
(𝐶𝑗

𝑚(𝑏) + 2)

𝐶𝑗
𝑚(𝑏)

+ 1 =
𝑡

𝑠
+ 1 

 

Theorem( 6 ): Let ∅ ∈ 𝑘[ℎ, 𝑞]. If 𝑓 ∈ ℋ 

satisfies  

                      

∅(
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
,
𝐷𝑚,𝑏
λ+1𝑓(𝑤 )

𝑤
,
𝐷𝑚,𝑏
λ+2𝑓(𝑤 )

𝑤
; 𝑤) ≺

h(w),                  (31) 

then              
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
≺ 𝜎(w). 

     The next result is an extension of Theorem 

(1) to the case where the behavior of 𝜎 on 𝜕𝑈 is 

unknown. 

Corollary(2): Let ℂ, 𝜎 be univalent in U and 

𝜎(0)=0. Let ∅ ∈ 𝑘[, 𝜎ρ]  for some 𝜌 ∈ (0,1), 

where 𝜎ρ(𝑤) = 𝜎(𝜌𝑤). If 𝑓 ∈ ℋ satisfies  

 ∅(
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
,
𝐷𝑚,𝑏
λ+1𝑓(𝑤 )

𝑤
,
𝐷𝑚,𝑏
λ+2𝑓(𝑤 )

𝑤
; 𝑤) ∈ , (32)  

then 
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
≺ 𝜎(𝑤). 

Proof:The proof is completed by using 

Theorem(1) . 

Theorem (7): Let h and 𝜎 be univalent in U , 

with 𝜎(0)=0 , 𝜎ρ(𝑤) = 𝜎(𝜌𝑤) and ℎ𝜌(𝜔) =
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ℎ(𝜌𝜔). Let ∅: ℂ3Uℂ satisfy one of the 

following conditions: 

(1)  ∅ ∈ 𝑘[, 𝜎𝜌]  for some 𝜌 ∈ (0,1) or 

(2) there exists 𝜌0 ∈ (0,1) such that ∅ ∈

k[ℎ𝜌, 𝜎𝜌] for all 𝜌 ∈ (𝜌0, 1). 

If 𝑓 ∈ ℋ satisfies (23) , then 

𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
≺ 𝜎(𝑤). 

Proof: Case (1): By using Theorem (1),we get 

 𝐷𝑚,𝑇
λ 𝑓(𝑤 ) ≺ 𝜎𝜌.Since 𝜎𝜌(𝑤) ≺ 𝑞(𝑤) then we 

get the result. 

Case (2): Assume that ℱ (w)= 𝐷𝑚,𝑇
λ 𝑓(𝑤 ) and 

ℱρ(𝑤) = ℱ(ρw). So,  

∅(ℱρ(𝑤),𝑤ℱρ
′(𝑤),𝑤2ℱρ

′′(𝑤); 𝜌𝑤)

= ∅(ℱ(ρ𝑤), ρ𝑤ℱ′(ρ𝑤), ρ2𝑤2ℱ′′(ρ𝑤); ρ𝑤)
∈ ℎρ(𝑈). 

By using Theorem (1) and associated  with 

∅(ℱ(𝑤),𝑤ℱ′(𝑤), 𝑤2ℱ′′(𝑤);𝑤(𝑤))
∈ , where  𝑤  is  any  function mapping from  
𝑈 onto 𝑈,with w(𝑤)= 𝜌𝑤, we obtain ℱρ(𝑤) ≺

𝜎ρ(𝑤) for ρ ∈ (ρ0, 1). By letting 𝜌 → 1−,  we 

get   
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
≺ 𝜎(𝑤).   

The next theorem gives the best dominant of the 

differential subordination (23). 

Theorem (8): Let h be univalent in U and let 

∅: ℂ3𝑈ℂ. Suppose that the differential 

equation  

  ∅(𝜎(𝑤), 𝜎′(𝑤), 𝑤2𝜎′′(𝑤); 𝑤) = ℎ(𝑤)  (33) 

has a solution 𝜎 with 𝜎(0)=0 and satisfy one of 

the following conditions: 

(1) 𝜎 ∈ 𝑄0 and ∅ ∈ k[ℎ, 𝜎]. 

(2) 𝜎 is univalent in U and ∅ ∈ k[ℎ, 𝜎ρ] for 

some 𝜌 ∈ (0,1). 
(3) 𝜎 is univalent in U and there exists 𝜌0 ∈
(0,1) such that ∅ ∈ k[ℎρ, 𝜎ρ], 

for all 𝜌 ∈ (𝜌0, 1).If 𝑓 ∈ ℋ  satisfies (23),then  
𝐷𝑚,𝑏
λ 𝑓(𝑤 )

𝑤
≺ 𝜎(𝑤) and  𝜎  is  the best dominant.   
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