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Abstract: In this paper, we investigate subordinate problems for subclass related to known functions convoluted with Frasin

operator. Therefore, major results and special cases are obtained.
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INTRODUCTION

Let H denoted the class of functions of the form
fw) =¥ acw , ae=0 (1)
which are analytic in the open unit disk
U={w; w € C: |w| < 1}.For the functions f
and g in I, we say that f is subordinate to g in
U, and write f < g if there exists a function
k(w) in U such that |[k(w)| < 1and k(0) = 0
with f(w) = g(k(w)) in U. If f is univalent in
U, then f < g isequivalent to f(0) = g(0) and
fWU) < g(U), see[5]
Let f,g € H begiven by
gw)=¥r,bwkb, >0 , forallzeU,
then the Hadamard product (or convolution)

(f W) =w+ ) abw*.
k=2

Form € N,A je Ny =NuU{0},0<bh<1,
f € H , Frasin operator [3] .

D} ,f(2):H — H is defined as follows

D} pf W) = w + T, + (k —
00 (Y ICRbAL ) R
One can esily proved that

(2)
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¢ (b) (Dhuf W) = DA (@, )f (w) —

(1 — C(B))D}, ,f (W) 3)
where
gy = (7).
j=1

To get our outcomes, we must recall a necessary
known concepts.

Definition(1) [4]: Let Q and A be any sets in C,
let 6§ be an analytic function in the open unit

disk U with 6(0)=a and let
y(r,s, t;w): C3xU - C.
The core of this monograph manages

speculation of the accompanying ramifications :

{y(6(w),ws' (W), w25 " (w);w):w €
UlcQ=46U)cA (4)

If A is a simply connected domain containing
the point a and A= C , then there is a conformal
mapping o of U onto A such that o(0)=a. In this
case, (4) can be written as:

{y(E(w),z6' (w),w?s"(w);w):w € U}
Q= §(U) c a(U).
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If Q is also a simply connected domain and
Q= C , then there is a conformal mapping h of U
onto Q such that h(0)=y(a,0,0;0). Also , if the
function  w(s(w),wsd (w),w?s (w);w) s
analytic in U, then it;s can be written as:

y( (W), ws' (W), w25 (w);w) < h(z) = §(2)
< d(z). (5)

Definition(2) [4]: Let y:C3xU — C and let h be
univalent in U. If § is analytic in U and satisfies
the second —order differential subordination

y(Ww),ws' (W), w28 (w);w) < h(w), (6)

then &is called a solution of the differential
subordination . The univalent function o is
called a dominant of the solutions of the
differential subordination, relation (6) simply
dominant if § < o for all § satisfying (6).

A dominant & is said to be best dominant if it
satisfies & < o for all dominants o of (6) .

Definition(3) [4]: Denote by Q the set of all
functions o that are injectiveand analytic on
U\E (o), where

E(o) ={€ 6U:lzi_r;%a(z) = o},

(7)

and are such that o'()=0 for &€ aU\
E(o).Further, let the subclass of Q for which
0(0) = a be denoted by Q(a), Q(0)= Q, and
Q(1) = @1, where Q1= { q €Q:q(0)= }.

Definition(4) [4]: Let Q be a set in C, 0 € Q

and n be positive integer. The class  of
admissible  function Y¥,[Q,o] consist of
those functions
v:C3xUxU - C  which is satisfy the
admissibility condition
\I/(T, Sr tl W, é:) e Q

Whenever r=a (&), s = k&o'(£) and

t &'(9

-~ >

Re{s + 1} > kRe{ e + 1},(8)

weU EEIU\E(o), €U , and k=n. In
particular case ¥, [Q,,d] = ¥[Q, g].
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Definition(5) [4]: Let Q be a set in C, o €
ul[a,n] and n be positive integer. The class of

admissible function¥,,[Q, o] consist of those
functions

y: C3xUxU — C that satisfies the admissibility
condition

y(r,s, 6 64) & Q.
Whenever r=a(w), s = ( )Wfa'(w) and

1
m

Refr 1) =2 (D) re {2211} 9
© s ~—\m € o'(w) )
weU,E€EQU,(eU , and m=>n=1. In
particular case for n=1

¥ [Q, 0] = YO, 0] (10).

Similar study is carried out by several authors ,
like Billing [1] Dihnggong and Liu[2], Oros
[5,6], and Lupas [7,8]. Many authors studied
different classes with essential problems such as
Sarah  A.  AL-Ameedee ,Waggas  Galib
Atshan &Faez Ali  AL-Maamori[9], Serkan
Cakmak, Sibel Yalcgin, Sahsene Altinkaya[10],
Waggas Galib Atshan and, Haneen Zaghir [11],
Odeh Z. and Kassim A. Jassim[12], Odeh Z. and
Kasim A. Jassim[13] and Odeh Z.and kassim a.
Jassim[14]

Definition(6): Let Q be a set in C and o €QoN

u[0,8]. The class of admissible functions

@, [Q, o] consists of those functions @: C3xU —

C that satisfy the admissibility condition:
d(uw,v,w;w) & Q,

whenever

u=0(@) ,v=k("T)o' @)
+(1-grm)e©, 0> -,

(11)

and
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w— (CM(b)? - 2¢7(b) + 1)u — (2 - c;"(b)) Cir(b)v

. v— (1 — Cm(b))u
G; (b)2< C]m(b]) >

+13> kRe{zao-,,iég)+ 1} (12)

w € U,{ € 0U\E(0),and k > 1.

Theorem(1): Let @ € @ [Q,0]. If f EH
satisfies

{0(Dhpf W), DR f (W), DRt f(w ) w) e,
(13)
then D}, ,f(w) < a(w).
Proof: By using (2) and (3) , we get the
equivalent relation DX f(w) =

& yw (Dhof ) + (1=
¢ (b))Dpf W). (14)
Assume that

Fw) =Dy, f W).
Then

(15)

DI f(w) = M (D)wF'(w) +
(1= ¢ (b))F(w) (16)
Therefore,
D2 f(w) = C(b)w (DX Fw)) + (1 —
()DL fFw)  (17)
then we have by (13),
(DA W) = G (BIWF" (w)
+ " (DF(w) + (1
— (b)) (w). (18)
So,
DY f(w) = " (B)*w2F" (w)
+(2 - 1)) W b)F (w)
+ (¢ (0)? — 2¢*(b) + 1)F(W)(19)
Let u=r,v=C("(b)s + (1 — ij(b))r
w = C(b)%t + (z - c;n(b)) Cr(b)s
+ (CM(b)? = 2¢T"(b) + V)r
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Assume that
y(r, s, t;w) = 0w, v,w; w, &)
=0 (r, G"(b)s
+ (1 - C]-m(b))r ,CM(b)%t
+(2-crm) crds
+(Cr(b)? - 2¢1(b) + 1)r; w).
By using ( 15) and (19) , we obtain
Y(F W), wF'(w), w?F" (w); w)
= O(Dhrf W), DY f(w), DR f(w); w). (20)
Therefore, by making use (14), we get
v(FW),wF'(w),z2F" (w);w) € Q. (21)
Also, by using
w = C(b)%t + (z - c;"(b)) cr(b)s
+ (Cr(b)? - 2¢M(b) + )r
and by simple calculations ,we get
w = (CF ) - 267 () + 1u — (2 - € (b)) P (b)w

oy (v - (16;{2?(“) u)

t
tl=-+1 (22)

and the admissibility condition for @ € @, [Q, 7]
is equivalent to the admissibility condition for
then ye ¥,, [Q, o] and therefore F(w)< a(w).
Hence , we get D} - f(w) < a(w).

If we assume that Q=+ C is a simply
connected domain. So, Q = h(U), for some
conformal mapping h of U onto Q. Assume the
class is written as ®,[h,o].Therefore, we
conclude immediately the following theorem.
Theorem(2): Let® € Oy[h, o). If fEH
satisfies

O(Drf (W), Dyt f (W), DR fF(w );w) <
h(w), (23)
then D?,‘LTf(W) < o(w).

The next result is an extension of Theorem
(2) to the case where the behavior of o on dU is
unknown.

Corollary(1): Let QcC, o be univalent in U and
0(0)=0. Let @ € D,[Q, g, for some p € (0,1),
where a,(w) = a(pw). If f € I satisfies
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O(Dipf W), DYty fw), DRZf(w); w) € Q,
(24)
then Dy, +f (w) < a(w).
Theorem (3): Let h and o be univalent in U ,
with ¢(0)=0 , o,(w) = a(pw) and h,(w) =
h(pw). Let @:C3xU—C satisfy one of the
following conditions:
(1) @ € ®,[Q,0,] for some p € (0,1) or
(2) there exists p, € (0,1) such that @ €
@y [hy, 0,] forall p € (py, 1).
If f € I satisfies (23) , then
Dhnf (W) < o(w).

Proof: Case (1): By using Theorem (1),we get
D}, ,f(w) < a,.Since g,(w) < a(w) then we
get the result.
Case (2): Assume that F (w)= D} mpf(w) and
F,(w) = F(pw). So,
@(?p (W), zF; (W), w2F,' (w); pw)
= @(F(pw), pwF' (pw), p?>w2F" (pw); pw)
€ h, (V).
By using Theorem (1) and associated with
O(F (W), wF' (W), w2F" (w); w(w))
€ Q,where w is any function mapping from
U onto U, with w(w)= pw, we obtain F,(w) <
a,(w) for p € (po, 1). By letting p - 17, we
get D} ,f(w) < a(w).
The next theorem gives the best dominant of the
differential subordination (23).
Theorem (4): Let h be univalent in U and let
@: C3xU—C. Suppose that the differential
equation
o(ac(w),a (w),w?a (w); w) = h(w)
(25)
has a solution o with o(0)=0 and satisfy one of
the following conditions:
(1) 0 € Qy and @ € ®y[h, g].
(2) o is univalent in U and @ € ®y[h, o,] for
some p € (0,1).
(3) o is univalent in U and there exists p, €
(0,1) such that @ € ®y[h,, g, ],

forall p € (po, 1).
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If feXH satisfies (23),then
q(w) and o is the best dominant.
Proof:By using Theorem (2) and Theorem (3) ,
we get that o is a dominant of (23). Since o
satisfies (25), it is also a solution of (23) and
therefore o will be dominant by all dominants of
(23). Hence , o is the best dominant of (23).
Definition(7): Let Q be a set in C and o €QoN
Ho- The class of admissible functions @ ;[Q, o]
consists of those functions @:C3xU — C that
satisfy the admissibility condition:

D(u,v,w;w) € Q,

DT);l,bf(W) <

whenever

u=0(() , v
= kC™(b){a'({)
+o(z),(h>-1),

and

Re (w—u) (C by +2) 1

RO R

> kRe {60, (g) + 1} (26)

Theorem(5): Let @ € O, [Q,0]. If f €H

satisfies

{Q ( bvi(w ) ' D}‘“f(W),D“Zf(W ) ’ W)} cQ,

A
then D’""’Tf(w) <o(w).

Proof: Let the analytic function F in U be
defined by

Fw) =
Then by (13) and (28), we get
DiFw) = ¢ (byw (D, f W) + (1

— " (b)) f (W)

=" (b)wwFw))' + (1
— " (b))wF (w)

= ij(b)w(wF’(W) + F(W)) + (1
— " (b))wF (w)

D%z,Tf (w)
— (28).
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= C"(DwW?F'(w) + ¢ (b)wF (w)
+wF(w) — " (b)wF (w)
This implies that

D7x+1

%(W) = ij(b)(WF’(W) + F(W))
+(1
— (b)) F(w)

= " (b)wF'(w) + " (b)F(w) + F(w)
— ¢ (BYF(w)

= G"(b)wF'(w) + F(w)
Also, we have by (17)
DX2F(w) = ¢ (b)w (DA Fw)) + (1

— C/M(b)Dyty f (w)
= ¢ (w (DXF ) +
= ¢ (b)) Dy f (W)
= " (b)w (G (LIWF' (W) + G (D)wF ()

FWFw) — CGIWFW))

+ (1= )G (DW?F' (W)
+ ¢ (b)wF (w) + wF(w)

— (" (b)wF (w))

= (' O)w (G BIWF' W) + wFw)) + (1
— (D) (CT (D)W?F' (w)
+ wF(w))

= ()W (CT (b)W2F" (w)
+ F'(w)2w(™ (b) + wF'(w)
+FWw)) + (C"(D)W?F'(w)
+ wF(w)
— CM(T)*(b)w?F'(w)
— wF(w)C/™ (b))

=w (ij(b)zwzF”(w) + F'(w)2wC]" (b)?
+wF' (w)C/™(b)

+ Fw)C" (b))

+ ((C"(D)W?F'(w) + wF(w)
— C"(b)*(b)w?F'(w)

— wF(w)(™ (b))

(29)

Then
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A+2

Dm,b f(W ) — ij(b)ZWZF”(W)
+ F'(w)2w(™ (b)?
+ wF'(w)(/"(b)
+ F(w)C™(b)
+ (" (DWF' (W) + F(w)
— C () (B)WF' ()
—F(w)G™(b) (30)

So, let define the transformation from C3 to C by
U=r,v=C/"(b)s + 7
w=C"(b)*t + 2sC"(b)* + sC™(b) +
rC™(b) + C"(b)s +r — C["(b)*(b)s —
rC"(b)

= C"(b)*t +sC"(b)* + 2sC"(b) +7

= C"(b)*t +sCm(b)(C" (D) +2) + 7

and by simple calculations ,we get
(¢"() +2) t

=-+1

(W — ) +1
Cr(b) s

vCM(b)?2

Theorem(6): Let@ € O[h,ql. If fEH
satisfies

2 (D%n,bf(w ) ’ DA F(w) ’ DA F(w) ; W) -

w w

(gl)

D‘r};l_bf(w )
w

h(w),

then < o(w).

The next result is an extension of Theorem
(1) to the case where the behavior of ¢ on dU is
unknown.

Corollary(2): Let QcC, o be univalent in U and
0(0)=0. Let @ € D,[Q, g, for some p € (0,1),
where a,(w) = a(pw). If f € H satisfies

0 (D%'bf(w),D%’T”lf (W),D%‘T”va m:w) €0, (32)

w w

A
then D’"'I’Tf(w) < o(w).

Proof:The proof is completed by using
Theorem(1) .

Theorem (7): Let h and o be univalent in U ,
with ¢(0)=0 , o,(w) = a(pw) and h,(w) =
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h(pw). Let @:C3xU—C satisfy one of the
following conditions:

(1) @ € ®,[Q,0,] for some p € (0,1) or

(2) there exists p, € (0,1) such that @ €

Dy [y, 0,] forall p € (py, 1).

If f € H satisfies (23) , then

D?x
—m’b‘i(W) < a(w).

Proof: Case (1): By using Theorem (1),we get
D} rf(w) < a,.Since a,(w) < g(w) then we
get the result.

Case (2): Assume that F (w)= D,’;L,Tf (w) and
F,(w) = F(pw). So,

O(F, (W), wF, (W), w?F,' (w); pw)

= @(F(pw), pwF' (pw), p?>w2F" (pw); pw)

€ h,(U).

By using Theorem (1) and associated with

O(F (W), wF' (W), w2F" (w); w(w))

€ QQ,where w is any function mapping from
U onto U, with w(w)= pw, we obtain F,(w) <
a,(w) for p € (po, 1). By letting p - 17, we

A
get D’""’Tﬂw) < ao(w).

The next theorem gives the best dominant of the

differential subordination (23).

Theorem (8): Let h be univalent in U and let

@: C3xU—C. Suppose that the differential

equation

d(ac(w),a (w),w?s (w);w) = h(w) (33)

has a solution ¢ with ¢(0)=0 and satisfy one of

the following conditions:

(1) o0 € Qy and @ € Dy [h, o].

(2) o is univalent in U and @ € ®y[h, o,] for

some p € (0,1).

(3) o is univalent in U and there exists p, €

(0,1) such that @ € ®y[h,, g, ],

for all p € (py, 1).If f € H satisfies (23),then

A

Dm‘be(W) < o(w) and o is the best dominant.
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