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Abstract: In this work, an efficient generalized differential transform method (GDTM) is proposed for solving the two-

dimensional Volterra-Integro differential equation (2-DVIDE) of fractional order. The results of the proposed method are 

compared with exact solution, a numerical example is considered for testing the accuracy and validity of this method. 
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1. Introduction  

The fractional calculus showed up in 1695 by 

Leibniz to L'Hospital.  The subject of 

fractional calculus has picked up significance 

amid the previous three decades due for the 

most part to its showed applications in 

various areas of engineering and physics, 

which can be successfully described by 

mathematical models of fractional calculus 

[1-6].  Therefore, several numerical 

techniques are used to get the exact and the 

approximate solutions of these models, see 

for instance [7-10].  

The application of integral equations and integro 

differential equations is an important manner 

within applied physics, they are appearing and 

considers as an important part in many numerous 

fields of social, biological, physical and 

engineering. [11, 12].  

 

Zhou in 1986 [13] was proposed the differential 

transform method (DTM), the differential 

transform method has been created for tackling 

different sort of differential equations. Chen [14] 

has built up the differential transform method for 

solving partial differential. Ayaz [15] has applied 

DTM to differential-algebraic equations. 
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Momani and Odibat they introduced the 

generalized differential transforms method 

(GDTM) [16-18].   

There are different strategies for solving 

two-dimensional integral or integro-differential 

equations. Babolian [19] using Haar Wavelets for 

solving the nonlinear two-dimensional integral 

equations. Maleknejad [20] utilizing Block pulse 

functions to get solutions for nonlinear Volterra-

Fredholm integral equations. Nemati [21] he used 

orthogonal polynomials for solving a class of 

two-dimensional nonlinear Volterra integral 

equations. Tari [22] he used the differential 

transform method to solve two-dimensional and 

nonlinear Volterra integral equations. In Mckee 

[23] utilize Euler algorithm for solving the two-

dimensional Volterra integral equations of the 

first kind. 

Those association for whatever remains of 

this article is as follows. In section 2 we present 

a few important definitions of the fractional 

calculus theory and generalized differential 

transforms method. While in section 3 we 

illustrate how generalized differential transforms 

method may be used to solve 2-DVIDE of 

fractional order, also we give an numerical 

example to demonstrate the effectiveness of the 

present method, concluding remarks are given in 

the final section. 

 

 

2. Description of the method 

We start this section by given some 

fundamental definitions and properties of the 

fractional calculus theory and GDTM which 

utilized as a part of this paper. 

Definition (2.1) [10] 

The Riemann-Liouville fractional 

integral operator  𝐼𝑥
𝑣

0 𝑓(𝑥) of order 𝑣 > 0 is 

defined as follows:  

𝐼𝑥
𝑣

0 𝑓(𝑥) =
1

𝛤(𝑣)
∫ (𝑥 − 𝑡)𝑣−1𝑥

0
𝑓(𝑡)𝑑𝑡, 𝑥 >0    (1) 

𝐼𝑥
0

0 𝑓(𝑥) = 𝑓(𝑥)  

Where𝛤(𝑣)  is the Gamma function. 

And satisfies the following properties for           v, 

ε >0,  

1. 𝐼𝑥
𝑣

0 ( 𝐼𝑥
ε

0 ) = 𝐼𝑥
𝑣+ε 

0 , 

2. 𝐼𝑥
𝑣

0 𝑥𝛾 =  
𝛤(𝛾+1)

𝛤(𝑣+ 𝛾+1)
𝑥𝑣+ 𝛾; 𝑣≥0, 𝛾 > −1, 𝑡 > 0. 

Definition (2.2) [10] 

The Caputo fractional derivative 𝐷𝑥
𝑣

0
𝑐 𝑓(𝑥) of order 

𝑣 > 0 is defined as:  

𝐷𝑥
𝑣

0
𝑐 𝑓(𝑥) =

{

1

𝛤(𝑛−𝑣)
∫ (𝑥 − 𝑡)𝑛−𝑣−1𝑥

0
𝑓(𝑛)(𝑡)𝑑𝑡, n − 1 <  𝑣 <  n

𝑑𝑛

𝑑𝑥𝑛 𝑓(𝑥),                    𝑣 = 𝑛 ∈ ℕ                                 
 (2)  

and satisfies the following properties: 

1. 𝐷𝑥
𝑣

0
𝑐 𝐶 = 0, 𝐶 constant; 

2. 𝐷𝑥
𝑣

0
𝑐 𝑥𝛾 =

𝛤(𝛾 + 1)

𝛤(𝛾 − 𝑣+1)
𝑥𝛾− 𝑣 , 𝑥 > 0, 𝛾 > −1. 

Definition (2.3) [10] 

The time-fractional derivative in the Caputo 

sense 𝐷𝑡
𝑣

0
𝑐 𝑢(𝑥, 𝑡) for the function 𝑢(𝑥, 𝑡) of order 

𝑣 > 0 is defined as: 
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𝐷𝑡
𝑣

0
𝑐 𝑢(𝑥, 𝑡) =  

𝜕𝑣𝑢(𝑥,𝑡)

𝜕𝑡𝑣 = 

{

1

𝛤(𝑛−𝑣)
∫ (𝑡 − 𝜏)𝑛−𝑣−1𝑡

0

𝜕𝑛𝑢(𝑥,𝜏)

𝜕𝜏𝑛 𝑑𝜏, 𝑛 − 1 < 𝑣 < 𝑛

𝜕𝑛𝑢(𝑥,𝑡)

𝜕𝑡𝑛 ,                    𝑣 = 𝑛 ∈ ℕ                                 
   (3) 

Theorem (2.1) [16-18] 

If 𝑈(𝑘), 𝐹(𝑘) and 𝐺(𝑘) are the differential 

transform (DT) of the functions 𝑢(𝑥), f (𝑥) and 

g(𝑥) respectively then: 

1. If 𝑢(𝑥) = 𝑓(𝑥) ± 𝑔(𝑥) then 

 𝑈(𝑘) = 𝐹(𝑙)  ±  𝐺(𝑙)  

2.  If 𝑢(𝑥) = 𝛼𝑓(𝑥) then 

 𝑈(𝑙) = 𝛼𝐹(𝑙)  

3. If 𝑢(𝑥) = 𝑓(𝑥) 𝑔(𝑥) then  

𝑈(𝑙) = ∑ 𝐹(𝑑) 𝐺(𝑘 − 𝑑) 𝑙
𝑑=1  

4. If 𝑢(𝑥) = 
𝑑𝑓(𝑥)

𝑑𝑥
  then  

𝑈(𝑙)= (𝑙 + 1)𝐹(𝑙 + 1)  

5. If 𝑢(𝑥) = 
𝑑𝑚𝑓(𝑥)

𝑑𝑥𝑚   then 

𝑈(𝑙) = (𝑙 + 1)(𝑙 + 2) … (𝑙 + 𝑚) 𝐹(𝑙 + 𝑚)  

6. If 𝑢(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡 
𝑥

0
then 

 𝑈(𝑙) = 
𝐹(𝑙−1) 

𝑙
, 𝑈(0)  =  0 

7. If 𝑢(𝑥) = 𝑥𝑚 then  

𝑈(𝑙)  =  𝛿(𝑙‒ 𝑚) = {
1,   𝑙 = 𝑚
0,    𝑂. 𝑊.

 

8. If 𝑢(𝑥) = sin (𝑤𝑥 + 𝑣) then  

𝑈(𝑙) = 
𝑤𝑙

𝑙!
𝑠𝑖𝑛(

𝑙𝜋

2
+ 𝑣)  

9. If 𝑢(𝑥) = cos (𝑤𝑥 + 𝑣) then 

 𝑈(𝑙)= 
𝑤𝑙

𝑙!
𝑐𝑜𝑠(

𝑙𝜋

2
+ 𝑣)  

10. If  𝑢(𝑥) =𝑒𝜆𝑥 then U(l)=
𝜆𝑙

𝑙!
 

 

Definition (2.4) [24] 

Consider the analytical function 𝑢(𝑥, 𝑡) 

of two variables, which is defined on B ⊆ ℝ2 

Where  B = [0, X] × [0, T]   and (x0, t0) ∈B.   

The two- dimensional differential transform (2-

DDT) of u(x, t)  is denoted by U(l,s) and is 

defined on ℕ2  ∪  {(0,0)}  as the following: 

U(l, s) =
1

l!s!
[

∂l+su(x,y)

∂xl ∂ys ]|(x0,𝑡0)                            (4) 

Where 𝑢(𝑥, 𝑡) is the original function. The 

inverse (2-DDT) of U(l,s)  is defined as: 

𝑢0(x, t) =   

∑ ∑ U(l, s)(x − x0)s∞
s=0

∞
l=0 (t − t0)l                          (5)   

Since 𝑢(𝑥, 𝑡) is an analytical function, it is clear 

that u(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) .  

a combination of Eq.(4) and Eq. (5), with 

(𝑥0, 𝑡0) = (0,0), then the function 𝑢(𝑥, 𝑡) 

become : 

𝑢(𝑥, 𝑡) =  ∑ ∑
1

𝑙!𝑠!
[

𝜕𝑙+𝑠𝑢(𝑥,𝑡)

𝜕𝑥𝑙𝜕𝑡𝑠 ]|(0,0)𝑥𝑙𝑡𝑠∞
𝑠=0 .∞

𝑙=0         (6) 

Theorem (2.2) [24] 

Suppose that 𝑈(𝑙, 𝑠), 𝑉(𝑙, 𝑠) and 𝑊(𝑙, 𝑠) are the 

(DT) of the functions 𝑢(𝑥, 𝑡), 𝑣(𝑥, 𝑡)and 𝑤(𝑥, 𝑡) 

respectively; 

1. If  𝑢(𝑥, 𝑡)= 𝑣(𝑥, 𝑡) ± 𝑤(𝑥, 𝑡), then 𝑈(𝑙, 𝑠) =

𝑉(𝑙, 𝑠) ± 𝑊(𝑙, 𝑠)  

2. If  𝑢(𝑥, 𝑡) = 𝑎𝑣(𝑥, 𝑡) , a∊ℝ , then  𝑈(𝑙, 𝑠) =

𝑎𝑉(𝑙, 𝑠) 

3. If  𝑢(𝑥, 𝑡)= 𝑣(𝑥, 𝑡)𝑤(𝑥, 𝑡) , then  

𝑈(𝑙, 𝑠) =  

∑ ∑ 𝑉𝑠
𝑝=0

𝑙
𝑟=0 (𝑟, 𝑠 − 𝑝)𝑊(𝑙 − 𝑟, 𝑝)  

4. If 𝑢(𝑥, 𝑡)= (𝑥 − 𝑥0)𝑙(𝑡 − 𝑡0)𝑠 , then 

𝑈(𝑙, 𝑠) = 𝛿(𝑙 − 𝑛)𝛿(𝑠 − 𝑚) 



MJPS,   VOL.(5),   NO.(2),   2018       

 

4 

 

Theorem (2.3) [25] 

If 𝑢(𝑥, 𝑡)  =  𝑓(𝑥)𝑔(𝑡) and the function 𝑓(𝑥) =

𝑥𝜇𝑤(𝑥), where 𝜇 > −1, 𝑤(𝑥) has the Taylor 

series expansion of the form 

 𝑤(𝑥) = ∑ 𝑐𝑓(𝑥 − 𝑥0)𝑣𝑘∞
𝑓=0  , and  

(a) ε < 𝜇 + 1and 𝑣 is arbitrary, or 

(b) ε ≥ 𝜇 + 1and 𝑣 is arbitrary and 𝑐𝑓= 0 

for 𝑓 = 0,1,2, … , 𝑞 − 1, where 

 𝑞 − 1 < ε ≤  𝑞.  

Then the (GDT) of (5) becomes 

𝑈𝑣,ε(𝑙, 𝑠) =

1

Γ(𝑣l+1)Γ(εs+1)
[ 𝐷𝑥0

𝑣𝑙

0

𝑐
 ( 𝐷𝑡0

ε
0

𝑐 )
𝑠

𝑢(𝑥, 𝑡)](𝑥0,𝑡0)         

The generalized differential transform inverse of 

U𝑣,ε(l, s) is given by 

u(x, t) =   

∑ ∑ U𝑣,ε(l, s)(x − x0)s𝑣∞
s=0

∞
l=0 (t − t0)lε                 (7) 

Theorem (2.4) [25] 

1- If 𝑢(𝑥, 𝑡)= 𝐷𝑥0
𝑣

0
𝑐 𝑣(𝑥, 𝑡), 0 < 𝑣 ≤ 1, then 

𝑈𝑣,ε(𝑙, 𝑠) =
(𝑣(𝑙+1)+1)

Γ(𝑣𝑙+1)
𝑉𝑣,ε(𝑙 + 1, 𝑠) 

2- If 𝑣(𝑥, 𝑡)  = 𝑓(𝑥)𝑔(𝑡), the function 𝑓(𝑥) 

satisfies the conditions given in 

theorem(2.2) and 𝑢(𝑥, 𝑡)= 𝐷𝑥0

𝛾

0

𝑐
𝑣(𝑥, 𝑡), 

then 

𝑈𝑣,ε(𝑙, 𝑠) =
Γ(𝑣𝑙+𝛾+1)

Γ(𝑣𝑙+1)
𝑉𝑣,ε (𝑙 +

𝛾

𝑣
, 𝑠)         (8) 

Theorem (2.5) [24] 

If 𝑢(𝑥, 𝑡)  = ∫ ∫ 𝑓(𝑠, 𝑡)𝑑𝑠𝑑𝑡,
𝑦

0

𝑥

0
 𝑈(𝑙, 𝑠) and 

𝐹(𝑙, 𝑠) are the (DT) of the functions 𝑢(𝑥, 𝑡) and 

𝑓(𝑥, 𝑦), respectively, then 

𝑈(𝑙, 𝑠) = {
0,                        𝑖𝑓 𝑙 = 0 𝑜𝑟 𝑠 = 0;

𝐹(𝑙−1,𝑠−1)

𝑙𝑠
      𝑖𝑓 𝑙, 𝑠 = 1,2,3, …

        (9) 

Theorem (2.6) [24] 

If 𝑢(𝑥, 𝑡)  = ∫ ∫ 𝑓(𝑠, 𝑡)𝑔(𝑠, 𝑡)𝑑𝑠𝑑𝑡,
𝑦

0

𝑥

0
 𝑈(𝑙, 𝑠), 

𝐹(𝑙, 𝑠) and 𝐺(𝑙, 𝑠) are the (DT) of the functions 

𝑢(𝑥, 𝑡), 𝑓(𝑥, 𝑡) and 𝑔(𝑥, 𝑡), respectively, then 

𝑈(𝑙, 𝑠) =

{
0,                                   𝑖𝑓 𝑙 = 0 𝑜𝑟 𝑠 = 0;

 
1

𝑙𝑠
∑ ∑ 𝐹(𝑟, 𝑠 − 𝑝 − 1)𝐺(𝑙 − 𝑟 − 1, 𝑠), 𝑖𝑓 𝑙, 𝑠 = 1,2,3, …𝑠−1

𝑝=0
𝑙−1
𝑟=0

  

(10) 

3. Finding Approximate Solution  

  Consider the (2-DVIDE) of fractional 

order of the form: 

𝜕𝑣𝑢(𝑥,𝑡)

𝜕𝑥𝑣 +
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
= −1 + 𝑒𝑥 + 𝑒𝑡 + 𝑒𝑥+𝑡 +

∫ ∫ 𝑢(𝑠, 𝑦)𝑑𝑠𝑑𝑦
𝑡

0

𝑥

0
                        (11) 

Which have the exact solution 𝑢(𝑥, 𝑡) = 𝑒𝑥+𝑡. 

𝑥, 𝑡 ∊ [0,1],  

 with the initial conditions:  

{
𝑢(𝑥, 0) = 𝑒𝑥

𝑢(0, 𝑡) = 𝑒𝑡                                                  (12) 

 According to The (GDTM) present previously in 

Section 2, equation (12) can be written as 

follows: 

Γ(𝑣(𝑙+1)+1)

Γ(𝑣𝑙+1)
𝑈𝑣,ε(𝑙 + 1, 𝑠) + (𝑠 + 1)𝑈(𝑙, 𝑠 + 1) =

−𝛿(𝑙)𝛿(𝑠) +
𝛿(𝑠)

𝑠!
+

𝛿(𝑙)

𝑙!
+

𝛿(𝑙)𝛿(𝑠)

𝑙!𝑠!
+

𝑈(𝑙−1,𝑠−1)

𝑙𝑠
        (13) 

Then 

𝑈𝑣,ε(𝑙 + 1, 𝑠) =
Γ(𝑣𝑙+1)

Γ(𝑣(𝑙+1)+1)
[−(𝑠 + 1)𝑈(𝑙, 𝑠 + 1) −

𝛿(𝑙)𝛿(𝑠) + 
𝛿(𝑙)

𝑙!
+

𝛿(𝑠)

𝑠!
+

𝛿(𝑙)𝛿(𝑠)

𝑙!𝑠!
+

𝑈(𝑙−1,𝑠−1)

𝑙𝑠
          (14) 

The (GDTM) of the initial conditions (12) are 

given by; 
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{
𝑈𝑣,ε(𝑙, 0) =

1

𝑙!
    𝑙 = 0,1,2, …

𝑈𝑣,ε(0, 𝑠) =
1

𝑠!
   𝑠 = 0,1,2, …

         (15) 

Now, if l=0, s=1 in (14):  

𝑈𝑣,ε(1,1)= 
1

Γ(𝑣+1)
[−2

1

2!
+ 1] = 0 

For l=0, s=2 

𝑈𝑣,ε(1,2)= 
1

Γ(𝑣+1)
[−3

1

3!
+

1

2
] = 0 

For l=0, s=3 

𝑈𝑣,ε(1,3)=
1

Γ(𝑣+1)
[−4

1

4!
+

1

6
] = 0  

                                ⋮ 

𝑈𝑣,ε(1, 𝑠) = 0,  

Also, if l=1, s=1 in (14):  

𝑈𝑣,ε(2,1)= 
Γ(𝑣+1)

Γ(2𝑣+1)
[−2(0) + 1] =

Γ(𝑣+1)

Γ(2𝑣+1)
 

For l=1, s=2 

𝑈𝑣,ε(2,2)= 
Γ(𝑣+1)

Γ(2𝑣+1)
[−3(0) +

1

2
] =

1

2

Γ(𝑣+1)

Γ(2𝑣+1)
 

For l=1, s=3 

𝑈𝑣,ε(2,3)=
1

3!

Γ(𝑣+1)

Γ(2𝑣+1)
 

𝑈𝑣,ε(2,4)=
1

4!

Γ(𝑣+1)

Γ(2𝑣+1)
 

                                   ⋮ 

Now, if l=2, s=1 in (14):  

𝑈𝑣,ε(3,1)= 
Γ(2𝑣+1)

Γ(3𝑣+1)
[−

Γ(𝑣+1)

Γ(2𝑣+1)
+

1

2
] 

For l=2, s=2 

𝑈𝑣,ε(3,2)= −
Γ(𝑣+1)

2!Γ(3𝑣+1)
 

For l=2, s=3 

𝑈𝑣,ε(3,3)= −
Γ(𝑣+1)

3!Γ(3𝑣+1)
 

𝑈𝑣,ε(3,4)= −
Γ(𝑣+1)

4!Γ(3𝑣+1)
 

                                     ⋮ 

Similarly for l=3, s=1 in (14):  

𝑈𝑣,ε(4,1)= 
Γ(3𝑣+1)

Γ(4𝑣+1)
[

Γ(𝑣+1)

Γ(3𝑣+1)
+

1

6
] 

                                       ⋮ 

Therefore, from (5), the approximate      

solution of the 2-DVIDE of fractional order for 

𝑣 = ε = 1 and for different value of m and n can 

be given as: 

𝑢3,3(𝑥, 𝑡) = (1 + 𝑡 +
𝑡2

2
+

𝑡3

3!
) (𝑥 +

𝑥2

2
 +

𝑡𝑥2

2
+

𝑡2𝑥2

4
… )                             (16) 

𝑢4,4(𝑥, 𝑡) = (1 + 𝑡 +
𝑡2

2!
+

𝑡3

3!
+

𝑡4

4!
+ 𝑥 +

𝑥2

2!
+

𝑥4

4!
 +

𝑡𝑥2

2
+

𝑡𝑥4

12
+

𝑡2𝑥2

4
−

𝑡2𝑥3

12
+

𝑡2𝑥4

48
+

𝑡3𝑥2

12
+

𝑡3𝑥4

144
)      (17) 

𝑢8,8(𝑥, 𝑡) = (1 + 𝑡 +
𝑡2

2!
+

𝑡3

3!
+

𝑡4

4!
+

𝑡5

5!
+

𝑡6

6!
+

𝑡6

6!
+

𝑡7

7!
+

𝑡8

8!
+ 𝑥 +

𝑥2

2!
+

𝑥4

4!
−

𝑥5

5!
+

𝑥6

6!
−

𝑥7

7!
+

𝑥8

8!
+

𝑡𝑥2

2
+

𝑡𝑥4

12
−

𝑡𝑥5

60
+

𝑡𝑥6

240
−

𝑡𝑥7

480
+

𝑡𝑥8

4032
+

𝑡2𝑥2

4
−

𝑡2𝑥3

12
+

𝑡2𝑥4

4!
−

𝑡2𝑥5

5!
+

𝑡2𝑥6

288
−

𝑡2𝑥7

1440
+

𝑡2𝑥8

8960
+

𝑡3𝑥2

12
−

𝑡3𝑥3

36
+

𝑡3𝑥4

72
−

𝑡3𝑥5

240
+

𝑡3𝑥6

864
−

𝑡3𝑥7

5040
+

𝑡3𝑥8

20160
+

𝑡4𝑥2

48
−

𝑡4𝑥3

144
+

𝑡4𝑥4

288
−

𝑡4𝑥5

960
+

𝑡4𝑥6

4320
−

𝑡4𝑥7

17280
+ ⋯ . )    (18) 

Following Table 1 represents the absolute error 

between the exact and approximate solution of 

the proposed method for Example 1 using 

different values of 𝑛 and 𝑚 when 𝑣 = 𝜀 = 1. 

Also Figures (1), (2) and (3) presents the 

comparison graphically between the results 

obtained by the exact and the approximate 

solution for various values of x  and  t with 𝑛 =

𝑚 = 4,8,16 when 𝑣 = 𝜀 = 1
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Table1: Absolute error between the exact and the 

approximate solutions by GDTM for different values 

of x and t. 

 

 

 

 

 

 

 

 

 

Fig.(1):Represent the comparison between Exact and 

Approximation solution for above example using 

GDTM when N=M=4,  𝑣 = ε = 1. 

 

 

 

 

 

 

 

 

 

Fig.(2):Represent the comparison between Exact and 

Approximation solution for above example using 

GDTM when N=M=8, 𝑣 = ε = 1. 

 n=m=4 n=m=8 n=m=16 

𝒙 𝒕 
Absolute 

error 

Absolute 

error 

Absolute 

error 

0.25 0.25 7.44156304e-02 7.44149467e-02 7.44149468 e-02 

0.25 0.5 1.69157948e-01 1.69425659e-01 1.69425721 e-01 

0.5 0.25 1.67106489e-01 1.66786755e-01 1.66786748 e-01 

0.5 0.5 3.61131221e-01 3.61084578e-01 3.61084655 e-01 

0.75 0.25 2.88130207e-01 2.85579904e-01 2.85579640 e-01 

0.75 0.5 6.11334982e-01 6.08665286e-01 6.08665082 e-01 

1.0 0.25 4.49381586e-01 4.38301569e-01 4.38298029 e-01 

1.0 0.5 9.40890459e-01 9.28058919e-01 9.28054760e-01 
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Fig.(3):Represent the comparison between Exact and 

Approximation solution for above example using GDTM 

when N=M=16. 𝑣 = ε = 1. 

 

 

 

 

4. Conclusion 

In this article, the GDTM is used to get an 

approximate solution of the 2-DVIDE of 

fractional order. The fractional derivatives are 

given here in the Caputo sense because the 

Caputo fractional derivative allows traditional 

initial and boundary conditions to be included in 

the formulation of the problem. Comparisons are 

made between approximate solutions and exact 

solutions, the numerical result are obtained using 

Matlab R2016a to test the applicability and 

validity of the proposed algorithm. 
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