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ABSTRAC: In this paper, we introduced a class of analytic functions defined by (H-R) fractional derivative defined in
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1. Introduction
Let RHB denoted the class of functions of

the form:

f@)=z-Y5_,a,z",a, =0ne€

{12,...})

which are analytic and univalent function in

the open unit disk:
U={z€eC(C:|z| <1}.

Given g e RHB, f given by (1), and then

the Hadamard product ((or convolution))

defined by:

f *g)(Z) =Z—- Zﬁ:z apbpz™ = (g *f)(Z)

Where:

9g2)=z-Y7_,b,z" (b, =0,n€
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In the next we defined ((H-R)) fractional

derivative.

Defintion [1]: The fractional derivative of
order 5.5 12.3,..[ is defined by:

IDf(2) = Jy = w2 f(wdu

1
r(-1)

Where f(z) is the analytic function in a
simply connected region of z -plan, counting
the origin, and the multiplicity [Z—u[?7 is
removed by required loglz—ul to be real

when [Z—ul 170

From Definition 1 by being applying simple

calculations, we obtain:

G(2) = z>7%r(8)eDf(2) = z —
n'r(s) n

[e¢]
T QuZ
Ln=2 (n+s-1) ™
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Many authors have studied fractional calculus
like, Atshan W. G. [2] Atshan W. G. and
Kulkarni [3], S.R. Choi J.H., Kim Y.C. and
Owa S. [4], Goyal S.D. and Goswami P. [5].
Definition 1: A function f e RHBis said to
be in the class RHB(S,a, A, B,4,¢,Q)if and
only if satisfies the next condition.

| e |
lo1- AT 28062 1]

11-Q,

where 0<a<1,220=20¢>0,0N<

1,zeU,0<AK1
2. Main Results

Theoreml: A function f be in the class

RHB(S,a, A, 5,1,0,Q) if and only if
< ol

ABla, <all- Al
HZ;‘ oo - ﬂ] ﬂ

Proof: Assume that the inequality (6) holds

true and let |z| = 1,

206D |
a1 A 286G 210

1

nTol
I'n u5—1Da

Zzﬁ(i n(n—1)

nl 2

n—1
nZ

iy 1_00 L@D
“ /1/32[ ;”r]zja e

nTlol]
rans—1.""

nTlol] "
rans—1.""

2

1-Q

—in(n—l)ﬁ !

nl2

all- A[ﬂ]i}tﬂn

nl2

nTlol]

¥in, oL ras-10

put

95

= |Yron(n—DE¥Y(n, 8)a,z"| <
(—.Q)I(Z(l - A) + Zﬁ=2 Aﬁnqj(n" 6)anzn|
= z nn— DY, 6)az™| — (1

n=2

—D)|a(1l - A)
+ Apn¥(n, 6)a,z™| <0

0

= z n(n — DAY (n, 8)ay,|z|"

n=2

— (1 =Mla1 - A4

- z ABn¥ (n, 8) a, |z|"
n=2

o0

= Z n(n—1)0%(n, 8)a, — a(l

n=2

M1 -4)

— z ABn¥(n, ) a,

0

_ z n(n— D, 8) an(1 — 8) — a(l

—D(1-4)<0

[ee]

- Z n(n — 1) (n,8)(1 — A8) an

n=2

<a(l-0)(1-4)

Conversely, suppose that f is in the class
RHB(S,a, A, 5, 2,1,Q)

| 22€(Z§=2 nn—1) #{gé‘)l)anz”‘z)
|a(1 A) — ABz (1 Yo %an Zzn-1 — 1)

<1-0
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Yo n(n — 1)6#{@1) a,z"
(1= A) = AB ¥ #g‘s)l)anzn
<1-10

For all z, we have |Re@[|]£ |Z| sine

" Ir(s
Zn=2 n(n—l)fr(r;+é )1) anz"

e T
a(1-A)=En=2 A1 F(7111+EY )1) anz"

}<1—.(2

Choose the value of z on the real axis and

z =1, we obtain

n'r(s)
< —
r(n+é-1) an < a(l

Yn=2n(n—1)¢

n'r(s)
rn+s-1) "

M)A —-A) + X5-,Apn
So,

2

n!'I'(5)

Forr s = D=y

<a(l-02)(1-A4)

Corollary (2):

Let f € RHB(S,a,A, 5,1,0,Q), then:

3 a(l-Q)1- AT
G =TT -
"Thios- ﬂj( n-h=4p

Theorem (3): Let the function defined by (1)
be in the class RHB(JS,a, A, B, 4,0,Q2)

a(1-n2)(1-4)

then T = —r®) r’<|f@] <
" nro— 1)(5( n-1)- A'B)
a(1-2)(1-4)
T+ e (-1 AB)TZ - (7)
F(n+6 1)
007 0r i

96

The equality in (7) is attained by the function f

given by:
a(l-Q)1- AL 9
flEllz- il DZ
"Twos-i " D

Proof: since the function f defined by (1) in
the RHB(4,a,A4,B,A,¢,Q2) we have from
theorem(1).

, Thus
s a(l-Q)1 -4
S0z =2 a2 <[40 a, "
nl2 nl2
|f&mS|Z|D|Z|ZZan
nl12

a(]—Q)H—AD 2
|f@[|]g ri B nlls!] D 1\ mﬂr
Similarly,
2] 2]

nl 12
NEIEEED ¥
nl2

|f@[|]2r—rzian

Voat—oyi-al
|f&[|]2r nTLol "

s DA

This completes the proof.
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Theorem (4):
LethQD]Zand
a(l-Q)1- A4l
fanD]Z— il jZ
PTG

Then f is in the class

RHB(6,a,4, B, 4, ¢ 2) if and only if it can be
expressed in the from f[z[10) o, /(20
nlll

where:

EO'nf"@EmdiO'n lorl Uo, uian [

nCl nl2

Proof:

Suppose that f1z[[] ian Szl

f(2) = 01f1(2) + X5=2 onfrn(2)
................ (8)
f(2)
= 01f1(2)
- z On IZ

a(l—0)(1—-A4) n\
— z

n s e = 1) - 28)

f(2)
=Z(O’1+iO'n>

_i a(l—02)(1-4)

r()
n=2 m(f(n—l)—lﬁ)

ZTL

97

f(2)
_i a(l—02)(1-4) .
= nir'(o) (=1 = 28)

F(n+6

From theorem (1)

o a(1—0)(1— A)
N s (€ = 1) = 28)
Setting
n et e - 1) - 2)
On = a(1—0)(1 - A4) In
o a(1—0)(1— A)
N s (€ = 1) = 28)
f(z2) =z—- Z a,z"
fz0z —i ?&D Q)1- 4 c,z"
e ﬂ]f( n—1)—A8L
"This -1
From
fa(2)
a(1—0)(1 - A4) .
L,
N s (€ = 1) = 28)
a(1-Q)1- Al .
Il . _1)_/1,312 Oz—flzL
"This- 1D]?
Then
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fEz-Y 0, - £, 3]

nl2

fENz- 0,200, £ 2

nl2 nl12

fin z(l—ianJ

nl2

Yo, 2L

nl12

FE1 fi0,0Y 0, 1,50

nl2

FEDY 6, 1,50

nll

This completes the proof.

Theorem (5):

Let the function f defined by (1) be in the class

RHB(O,a, A, B,A,0,Q) for every

7 1123,...,m.. Then the arithmetic mean of

f.1#102,.3,...,mlis defined by:

gzllz- icnz"

nl2

@?n >2n>2neNL

Also belongs to the class

1 o0
RHB(S,a, A, B,2,1,Q2), where ¢, 1—>"a,,
m ri2

Proof: Since f e RHB(S,a,A,pB,1,0,Q) ,

then from  theorem (1), we  get
< nTlol
mz; Ao ﬂ]( n-1)-pla, <a(l-Q)1-.
.................. 9)
< nTlol)
,,Z; Tane_r D=5,

98

> nTlol
R

nTlol
=g, |

nl2 ri2

S|

1315

r2 [ nl2

By (9):

< LS a-ayi-a

rl2
<a(-)i-Atm
m

<a(1-Q)1- AL
This completes the proof.

Theorem (6):
Let f, € RHB(S,a, A, B, 1, 6,0),#1123,...,

, then

o0

9(z) = z ¢.f.(z) € RHB(S,a, A, B, A, €, 2)

r=2

For f.[z[ 1z~ Zan,rz”

nl2

Where icr 1

rl12

Proof: gl z[ ] ic,,f, [2[

r2

O icr {z —ian,rz”}

rii2 nl2

U icrz ZZC, nrZ

rl2 nl 2 ri2

gz [z- iﬁnz”

nl2

ml
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Where ¢, [ Zcran’,

rl2

Thus

If glzle RHB(S,a, A, B,2,0,Q)

nTlol
R

a(l-0)1- 40 "

>

nl2

That is, if

nrol
n T s - ﬂj( n-l)- ’w[ca

a(l-Q)1- A4 '

n,r

ol
TRy I Tam G

a(l-Q)1- 4L

3

m 0

2.¢ 2,

rii2 nl2

SZcrE

rii2

n,r

This completes the proof.
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